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Abstract  

An uncoupled fracture criterion based on a simple damage indicator computed using a 

mean-field crystal plasticity framework is proposed and applied to predict failure of an AZ31 

sheet originating from the edges. The damage indicator quantifies the contribution of strain 

components along the axes of orthotropy leading to material failure. The model is calibrated 

by uniaxial tension tests. The damage indicator is validated for various mixed-mode 

deformation histories realized by modified Arcan tests in various loading configurations. The 

loading history of respective fracture sites obtained from DIC analyses is directly employed 

to a visco-plastic self-consistent crystal plasticity model to obtain the stress responses. The 

results indicate that the damage indicator requires – beside the strain history – an input of 

stress triaxiality, by which an improved predictive accuracy can be achieved. This effect is 

quantified for various loading scenarios, in which cracks are initiated near or at the edge of 

the sample. 
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1 Introduction 

The application of magnesium alloy sheets in transportation industry demands for reliable 

simulation tools for predicting the forming capabilities, the structural responses to 

mechanical loads, and the lifetime of the components. The predictive models have to match 

the distinctive mechanical characteristics attributed to the low-symmetric hexagonal close-

packed metal, which demands for state-of-the-art material laws. The selection of an 

appropriate yield function capturing plastic yielding under multi-axial stress states 

challenges many researchers. The prediction of damage events and material failure is a 

research topic on its own. 

In the recent literature, various types of failure criteria are proposed, discussed and used 

for sheet metals. Generally, they can be categorized into three groups: 

Group I. Criteria focusing on plastic instabilities caused by strain-localization such as Hill 

[1], Swift [2] and Marciniak-Kuczyński [3,4]; 

Group II. Coupled fracture criteria based on porous metal plasticity theory [5–7] that 

implicitly account for the presence and growth of voids, cavities and 

microcracks; 

Group III. Uncoupled fracture criteria using a damage indicator together with a non-

porous plasticity theory [8–11]. 

Criteria of all three groups aim on predicting the location and time or state of material 

failure. Failure criteria are linked to the constitutive behavior of materials, since they use 

field quantities like stress and strain measures. In the case plastic deformation is considered, 

a plastic potential together with a flow rule and a strain-hardening concept implicitly link 

strains and stresses. Due to the significant role of stress measures in criteria addressing 

ductile failure (large amount of irreversible deformation precedes fracture) [12,13], the 

stress-associated model parameters depend on the chosen plasticity model. The plasticity 

model may provide the stress responses as an explicit function of strain, so that the failure 

criterion can be expressed as a function of strain only – see for example [14]. Typical for 

criteria of Group III is that it can be applied in a post-processing step after solving the 

boundary value problem, which reduces computational efforts compared to Group II 

approaches. 
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The use of phenomenological plasticity models with yield function and empirical strain-

hardening rule prevails in various Group III fracture criteria. Detailed features and 

assumptions made on the phenomenological plasticity models vary depending on the 

material characteristics. For example, anisotropic yield functions are preferably assumed for 

materials with strong anisotropy, whereas isotropic yield functions are regarded more 

appropriate for materials without strong anisotropy due to their simplicity. 

However, the conventional phenomenological plasticity models based on the isotropic 

hardening law face challenges when applied to magnesium alloys owing to two distinctive 

characteristics: 1) the magnesium alloys are in the low-symmetric hexagonal close-packed 

structure thus requiring deformation twinning in addition to slip modes to accommodate 

arbitrary deformation; and 2) magnesium sheets usually exhibit strong initial 

crystallographic texture, which may drastically evolve due to twinning depending on the 

loading condition. These two mentioned characteristics may lead to a pronounced strength 

differential (SD) effect [15–17]. It is well known that isotropic hardening laws cannot 

capture the SD effect, and deformation-induced anisotropy (due to crystallographic texture 

evolution) further complicates the description of the material behavior [18–23]. 

Progresses have been made by formulating the phenomenological yield criterion as an 

odd function of the stress deviator in order to capture the SD effect. The family of yield 

functions proposed by Cazacu, Plunkett and Barlat (hereinafter denoted as CPB) has been 

widely applied for various magnesium alloys in the literature [24,25]. The calibration and 

verification of the CPB yield function, however, often relies on the crystal plasticity 

framework [25,26], mainly due to the experimental difficulties to determine the model 

parameters under multiaxial loading conditions. Nevertheless, recent applications of the 

CPB yield function for Group III fracture criteria have been reported in the literature. For 

example, Jia and Bai [14,27] used the CPB06ex2 yield criterion [28] for AZ31B-H24 

magnesium alloy. However, they did not include the variation of coefficients resulting from 

texture evolution due to twinning induced reorientation as suggested in [26]. They also 

utilized the semi-analytical Sachs model of Barnett et al. [29] in order to capture the SD 

effect. Furthermore, a linear transformation on the strain tensor was introduced to account 

for the fracture anisotropy similar to the way presented in [30,31] for aluminum alloys. In 

the current study, an uncoupled fracture criterion (Group III) is used to predict failure of 

magnesium alloy sheet at room temperature. A mean-field crystal plasticity model with 
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visco-plastic self-consistent formulation (denoted hereinafter as VPSC) is chosen to replace 

the phenomenological plasticity model required. [32–34]. This replacement bears the 

advantage of accounting for the crystallographic texture and its evolution; hence the plastic 

anisotropy induced by grain orientation is intrinsically included. The VPSC model is relatively 

efficient yet is capable of capturing various macro-mechanical features reflecting distinctive 

micro-mechanical mechanisms pertaining to magnesium alloys, which are not easily 

captured in the phenomenological plasticity models. The superior predictive capability of 

the VPSC formulation has been validated on various magnesium alloys [16,35–37]. 

Moreover, the same model has been extended for Group I criteria using the Marciniak-

Kuczyński (MK) approach, which has been successfully applied for magnesium alloys as well. 

Hence, the mean-field VPSC model as a stand-alone numerical code is expected to provide 

an effective and adequate description of plastic deformation. 

It should be mentioned that the self-consistent crystal plasticity model can be employed in 

the full field framework to provide spatially resolved stress-strain fields as shown in [38,39]. 

A study by Lebensohn et al. [40] is also worth noting since the VPSC formulation is extended 

to address the presence of void and its effects on plastic behavior of polycrystalline 

aggregate, which corresponds to Group II criterion. However, the full field computation per 

se requires intensive computational resources thus is not considered in the current study. 

The mentioned VPSC model extended for porous plasticity requires a separate treatment on 

triaxiality, and the Group II criterion is not considered in the current study. 

Since the mean field VPSC model has not been utilized for Group III criteria before, its 

validity needs to be shown, which motivated the current study. The scope of investigation is 

confined to demonstration on the validity and the effectiveness of a new uncoupled 

fracture criterion based on a simple damage indicator. The criterion is calibrated only for 

uniaxial tension tests and the validity is investigated through applications for various mixed-

mode deformation histories realized on the basis of the Arcan tests. Although, from the 

macroscopic point of view, edge failure appears in all tested cases, a detailed analyses of 

the local stress triaxiality is performed. 
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2 Material and Experiments 

A commercial magnesium alloy known as E-form [41] produced by POSCO via twin roll 

casting was chosen for the investigation. The alloy is referred hereinafter as AZ31, which is a 

more common name based on its chemical composition (Mg + 3%Al + 1%Zn). The as-

received sheet has a thickness of 1.2 mm and has been fully recrystallized showing an 

average grain size of 11 µm. The sheet exhibits a strong initial crystallographic texture, 

which is typically characterized by the preferential alignment of (0002) basal pole along the 

normal direction of the sheet. Test specimens were cut from the as-received sheet finished 

by electrical discharge machining. Uniaxial tension and Arcan tests were conducted in order 

to calibrate parameters for the failure criterion and the VPSC model; and to validate the 

failure criterion, respectively. 

2.1 Uniaxial tension tests 

Typical dog-bone tensile test specimens following the common standards (parallel length 

65 mm and width 16 mm) were cut along the rolling direction (RD), diagonal direction (DD), 

and the transverse direction (TD), which can be also denoted by the respective angles (i.e., 

0°, 45° and 90°) from the RD. For each direction, the uniaxial tension tests were repeated 

for five specimens. The top surface of specimen was sprayed prior to testing with black 

speckles on a white painted layer to acquire the evolution of displacement fields via digital 

image correlation (DIC) technique. The digital images were collected using a stereo camera 

system (Aramis by GOM) to permit the DIC analysis using the three-dimensional 

displacement vector field. The specimen was mounted on a universal testing machine with a 

loadcell capacity of 63 kN. The crosshead speed was set to 2 mm/min, which corresponds to 

an initial strain rate of 5 × 10−4 s−1. Load signals and the digital images were acquired with 

a frequency of 20 Hz. 
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(a)         (b) 

Figure 1 (a) Engineering stress-strain curves for three different sample orientations, namely, 0°, 45°, and 90° 

from the rolling direction, which can be also denoted as RD, DD, and TD; (b) Maximum principal strain at 

fracture resulting from the uniaxial tension tests along the three directions.  
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The engineering stress vs. engineering strain curves resulting from uniaxial tension tests 

are shown in Figure 1a. The reproducibility of the tests was excellent; hence in Figure 1a 

only one representative test result for each orientation is included. The engineering strain 

was measured using displacement between two separate points aligned along the loading 

direction. The engineering stress vs. engineering strain curves up to uniform elongation are 

fairly isotropic. The strain at failure, however, exhibits a directional dependence in that the 

failure strain along TD is significantly lower than the other two orientations. Total 

elongations larger than 30% were obtained along the RD and DD, while that along TD 

amounted to a value less than 20%. Irrespective of the tensile direction, the specimens 

failed after diffuse necking with separation aligned perpendicular to the tensile direction, 

see Figure 2. This implies that the Group I criterion (the instability criterion with the inclined 

localization band) is not adequate for the current magnesium alloy, since it will not 

represent the physical mechanisms leading to failure. 

For the analyses on fracture behavior, the local strain quantities at the failure initiation 

point and its neighborhood are required. To that end, the facet point of pixels closest to the 

point of crack initiation was manually determined from the last recorded digital image prior 

to crack. The in-plane components of the deformation gradient were computed by the 

Aramis software as a user-defined field and exported as a function of time. More detailed 

procedure to derive other quantities (such as strain and rotation) from the deformation 

gradient tensor will be discussed in Section 2.3. Figure 1b shows the variation of the 

maximum principal strains obtained at the position of cracking (using the logarithmic strain 

measure) with respect to the tensile directions. Considering that a logarithmic strain is 

smaller than its corresponding engineering strain measure, the value of local strain shown in 

Figure 1b is higher than what is visible in Figure 1a. Therefore, the larger true strain implies 

that the fracture occurred in a localized region, which however does not form a strain-

localization band (as opposed to the assumption required in Group I criterion using MK 

approach). 
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Figure 2 macroscopic view on the fracture surfaces of the tensile samples showing diffuse necking and 

separation perpendicular to the loading direction 
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2.2 Arcan tests 

A modified Arcan fixture was employed to the universal testing machine to impose a 

mixed-mode loading. It consists of a notched sheet sample clamped in a holder, which was 

set to positions 0°, 15°, 30°, 45°, and 60° from the vertical axis parallel with the loading 

direction. The fixture as well as the test setup were described earlier in [42]. A sketch 

showing the fixture and the sample is reproduced in Figure 3. Two separate sets of test 

configurations were considered, namely RD and TD configurations. In the RD configuration, 

the notch of the specimen shown in Figure 3 is aligned perpendicular to the RD, and vice 

versa for the TD configuration. The samples were cut using electrical discharge machining 

(EDM), in order not to introduce local microstructural changes to the material. For each of 

the RD and TD configurations, a tilting of specimen with respect to the loading direction can 

be imposed, which is quantified by the angle 𝜃𝜃 as shown in Figure 4. The test matrix of the 

Arcan tests utilized for the current investigation are summarized in Table 1. 

The deformation history of fractured site was obtained using the same DIC technique 

applied to uniaxial tension test (Section 2.1). All the samples failed by crack initiation 

followed by crack extension of several millimeters. Generally, the cracks initiated in the 

notch region at the free edge. 

 

Table 1 Test matrix of the modified Arcan tests [42] 

Tilting angle 𝜃𝜃 

(see Figure 4) 
0° 15° 30° 45° 60° 

RD configurations 3 tests 3 tests 3 tests 3 tests 3 tests 

TD configurations 3 tests 3 tests 3 tests 3 tests 3 tests 
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Figure 3 Fixture with mounted sheet sample in the 0°- configuration (a), and specimen dimension in 

millimeters (b)  
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 (a) 

  

(b) 

Figure 4 (a) Arcan tests conducted with six configurations for each RD/TD alignment along loading direction 

(i.e., 𝒆𝒆2𝑙𝑙𝑙𝑙𝑙𝑙); (b) Misalignment between the laboratory axes (𝒆𝒆1𝑙𝑙𝑙𝑙𝑙𝑙, 𝒆𝒆2𝑙𝑙𝑙𝑙𝑙𝑙) and material axes (RD, TD) is permitted 

by a tilting angle 𝜃𝜃: the tilting angle defined for RD and TD configurations is shown on left and right, 

respectively.  

𝐞𝐞1lab 

𝐞𝐞2lab RD  

TD  

𝜃𝜃 

𝐞𝐞1lab  

𝐞𝐞2lab  TD  

RD  

𝜃𝜃 
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2.3 DIC to obtain deformation states 

During the experimental tests presented in Sections 2.1 and 2.2, digital images were taken 

in-situ and were saved together with the load signal on a hard disk with 2 Hz via a ring 

buffer. This technique allows recording the digital images with an acquisition frequency of 

20 Hz towards the onset of material failure. As mentioned earlier in Section 2.1, the site of 

fracture is assumed to be a spatial point that is manually determined and is as close as 

possible to the crack initiation site. The displacement field around the fracture site, from 

which the deformation gradient tensor (i.e., the derivative of displacement with respect to 

the spatial coordinate)was estimated, was analyzed by the DIC software. The multiplicative 

decomposition is applied to the deformation gradient tensor pertaining to the site of 

fracture in order to obtain the strain and the rotation tensors. In both mechanical tests 

presented in Sections 2.1 and 2.2, the two in-plane axes of laboratory coordinates (denoted 

by 𝐞𝐞1lab and 𝐞𝐞2lab shown in Figure 4b) are used as the reference frame, while the axis 3 (𝐞𝐞3lab) 

aligns with the thickness of the sheet. 

𝐹𝐹11,𝐹𝐹12,𝐹𝐹21 and 𝐹𝐹22 components of the deformation gradient tensor 𝑭𝑭 at the initiation 

site can be obtained from the above analysis. However, the other components associated 

with the thickness direction (namely 𝐹𝐹13,𝐹𝐹23,𝐹𝐹31,𝐹𝐹23 and 𝐹𝐹33) cannot be experimentally 

determined from the current DIC technique. To that end, the assumption of 

incompressibility was applied while discarding the thickness related shear components. The 

determinant of the matrix form of 𝑭𝑭 is related to the volume change such that: 

 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= det(𝑭𝑭) Eq. 1 

where 𝑑𝑑𝑑𝑑 and 𝑑𝑑𝑑𝑑 are the volume elements before and after the incremental deformation. 

According to the incompressibility condition (i.e., 𝑑𝑑𝑑𝑑 = 𝑑𝑑𝑑𝑑), the determinant det(𝑭𝑭) equals 

to 1. In addition, discarding the thickness shears, i.e., 𝐹𝐹13 = 𝐹𝐹31 = 𝐹𝐹23 = 𝐹𝐹32 = 0, the Eq. 1 

becomes: 

 det(𝑭𝑭) = 1 = 𝐹𝐹11𝐹𝐹22𝐹𝐹33 − 𝐹𝐹12𝐹𝐹21𝐹𝐹33 = 𝐹𝐹33(𝐹𝐹11𝐹𝐹22 − 𝐹𝐹12𝐹𝐹21). Eq. 2 

As a result, 𝐹𝐹33 = 1/(𝐹𝐹11𝐹𝐹22 − 𝐹𝐹12𝐹𝐹21). 

It should be noted that the resulting deformation gradient tensor in an incremental form 

may contain a significant amount of noise. To reduce the experimental noise, Savitzky-Golay 

filter [43] as implemented in SciPy package [44] was applied to the deformation gradient. A 
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series of discrete 𝐹𝐹𝑖𝑖𝑖𝑖 values obtained from a batch of sequential images is fitted to a 

polynomial function with respect to time steps. Apparently, the degree of smoothing is 

affected by 1) the number of sequential images in a batch (i.e., the binning size); and 2) the 

order of polynomial used. The smoothed 𝑭𝑭 tensor signal provides the boundary condition 

loaded in the VPSC calculation (Section 3.1). As a result, the stress response from VPSC 

calculation is affected by the degree of smoothing pertaining to the Savitzky-Golay filtering. 

Therefore, an appropriate binning size should be carefully determined: batches with a 

smaller number of images led to a noisy stress response whereas batches with too many 

images would lead to overfitting. Based on a parametric study presented in the Appendix, 

an appropriate binning size and the polynomial order were determined. In the following, the 

smoothed deformation gradient tensor is used, unless otherwise noted. 

The smoothed deformation gradient is multiplicatively decomposed to stretch 𝑼𝑼 and 

rotation 𝑹𝑹 tensors such that: 

 𝑭𝑭 = 𝑼𝑼 ⋅ 𝑹𝑹 . Eq. 3 

The engineering strain tensor 𝝐𝝐 is obtained as: 

 𝜖𝜖𝑖𝑖𝑖𝑖 = 𝑈𝑈𝑖𝑖𝑖𝑖 − 𝛿𝛿𝑖𝑖𝑖𝑖 , Eq. 4 

where 𝛿𝛿𝑖𝑖𝑖𝑖 is the Kronecker delta. The logarithmic strain tensor 𝜺𝜺 is obtained as below: 

𝜀𝜀𝑖𝑖𝑖𝑖 = 𝛿𝛿𝑖𝑖𝑖𝑖 ln(1 + 𝜖𝜖𝑖𝑖𝑖𝑖) + �1 − 𝛿𝛿𝑖𝑖𝑖𝑖�𝜖𝜖𝑖𝑖𝑖𝑖 . 

The rate of rotation �̇�𝑹 is estimated by 

 �̇�𝑅𝑖𝑖𝑖𝑖
(n+1) =

𝑅𝑅𝑖𝑖𝑖𝑖
(n+1)−𝑅𝑅𝑖𝑖𝑖𝑖

(n)

𝑡𝑡(n+1)−𝑡𝑡(n)  , Eq. 5 

in which the superscripts (n + 1) and (n) denote the time steps corresponding to the 

moments of image acquisition. The same was applied to obtain the logarithmic strain rate �̇�𝜺. 
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3 Modelling 

3.1 Visco-plastic self-consistent crystal plasticity model  

While through the DIC measurements the strain states on the sample surface are 

determined, the stress states remain unknown so far. To fill this gap, the mean-field VPSC 

model was chosen as the constitutive model in this study. In this section, only a brief 

description on the VPSC model is given. Readers are directed to [45] for more details on the 

VPSC crystal plasticity model. 

According to the VPSC formalism, each individual grain is treated as an inclusion 

embedded in an effective homogeneous medium [46] and follows the visco-plastic 

constitutive law as below: 

 𝜀𝜀�̇�𝑖𝑖𝑖
𝑣𝑣𝑣𝑣 = �̇�𝛾0�𝕞𝕞𝑖𝑖𝑖𝑖

𝑠𝑠 �
𝕞𝕞𝑘𝑘𝑙𝑙

𝑠𝑠 𝜎𝜎𝑘𝑘𝑙𝑙
𝜏𝜏0𝑠𝑠

�
𝑛𝑛

𝑠𝑠

 Eq. 6 

where 𝕞𝕞𝑠𝑠, �̇�𝛾𝑠𝑠, 𝜏𝜏0𝑠𝑠 and �̇�𝛾0 are the Schmid tensor, the shear rates, the critical resolved shear 

stress, and the normalizing factor, respectively; The symbols �̇�𝜺𝑣𝑣𝑣𝑣 and 𝝈𝝈 denote the visco-

plastic strain rate and stress tensors pertaining to an individual grain. The Schmid tensor 𝕞𝕞𝑠𝑠 

is defined by the slip (or twin) plane normal 𝒏𝒏 and direction 𝒃𝒃 such that: 𝕞𝕞𝑖𝑖𝑖𝑖
𝑠𝑠 =

1
2
�𝑛𝑛𝑖𝑖𝑠𝑠𝑏𝑏𝑖𝑖𝑠𝑠 + 𝑛𝑛𝑖𝑖𝑠𝑠𝑏𝑏𝑖𝑖𝑠𝑠�. The superscript ‘s’ appended to 𝕞𝕞,𝒏𝒏,𝒃𝒃 and 𝜏𝜏0 is to denote that the 

associated term pertains to individual slip system. The strain hardening behavior is 

described by permitting the evolution of the critical resolved shear stress through: 

 𝜏𝜏0𝑠𝑠 = 𝜏𝜏0 + (𝜏𝜏1 + 𝜃𝜃1Γ) �1 − exp �−Γ �
𝜃𝜃0
𝜏𝜏1
��� , Eq. 7 

where 𝜏𝜏0, 𝜏𝜏1,𝜃𝜃0, and 𝜃𝜃1 are the hardening parameters, and Γ = ∑ Δ𝛾𝛾𝑠𝑠𝑠𝑠  is the accumulated 

shear strain in the grain [47]. The equivalent inclusion method [46,48] for visco-plastic 

inclusion embedded in visco-plastic matrix [45,49] leads to the macroscopic visco-plastic 

constitutive description: 

 𝜀𝜀̇�̅�𝑖𝑖𝑖
𝑣𝑣𝑣𝑣 = 𝕄𝕄� 𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙

𝑣𝑣𝑣𝑣 𝜎𝜎�𝑘𝑘𝑙𝑙′ + 𝜀𝜀̇�̅�𝑖𝑖𝑖
0,𝑣𝑣𝑣𝑣

 , Eq. 8 

where 𝝈𝝈�′ and �̇�𝜺�𝑣𝑣𝑣𝑣 are the overall (macroscopic) deviatoric stress and strain tensors, 

respectively; and 𝕄𝕄�𝑣𝑣𝑣𝑣 and �̇�𝜺�0,𝑣𝑣𝑣𝑣 are the macroscopic visco-plastic compliance and back-

extrapolated term, respectively. 

It should be mentioned that the macroscopic properties, 𝕄𝕄�𝑣𝑣𝑣𝑣 and �̇�𝜺�0,𝑣𝑣𝑣𝑣, are functions of 

micromechanical properties including the Voce hardening parameters in Eq. 7, the 
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crystallographic texture, crystal structure and slip systems. The macroscopic properties are 

priori unknowns and are iteratively determined for a given state. As crystallographic texture 

evolves, these quantities are updated so that the evolution of anisotropy induced by slip 

and twinning activity is realistically captured. Note that in the current investigation the 

loading conditions for VPSC simulation are fully described by strain rate and spin rate 

tensors, namely, �̇�𝜺 and �̇�𝑹 obtained from DIC data – see Section 2.3. The overall deviatoric 

strain tensor is fully described as below: 

 𝜀𝜀̇�̅�𝑖𝑖𝑖
𝑣𝑣𝑣𝑣 = �

𝜀𝜀1̇1
(DIC) 𝜀𝜀1̇2

(DIC) 0
𝜀𝜀1̇2

(DIC) 𝜀𝜀2̇2
(DIC) 0

0 0 −𝜀𝜀1̇1
(DIC) − 𝜀𝜀2̇2

(DIC)

� Eq. 9 

where the components with the superscript (DIC) are experimental data obtained via the 

method present in Section 2.3. Since the boundary condition is fully described in terms of 

strain rate, all components of deviatoric stress tensor 𝝈𝝈�′ result from model-calculation. 

Consequently, the resultant stress response may contain non-zero lateral components even 

when the DIC strain rate of uniaxial loading is used in Eq. 9 unless the predictive accuracy of 

the VPSC model is flawless. 

 

3.2 Linear transformation of strain 

The anisotropy of fracture strain evident in Figure 1b is described on the basis of a linear 

transformation of the strain referred in the orthotropic material axes. The strain 

components referred in the material axes are linearly transformed, similar to the way that 

the transformed stress tensor is used in the anisotropic yield functions [50,51]. To account 

for the loading history, an incremental form is used. In the most general way, such an idea 

can be formulated to 

 𝜀𝜀̇̃𝑖𝑖𝑖𝑖 = 𝕃𝕃𝑖𝑖𝑖𝑖𝑘𝑘𝑙𝑙𝜀𝜀�̇�𝑘𝑙𝑙 . Eq. 10 

A similar approach was reported in [14,27,30,31], where the equivalent plastic strain 

quantity for the phenomenological plasticity model was obtained from the transformed 

strain rate �̇�𝜺�. Care should be taken as the material may undergo a significant amount of spin 

so that the material rotates away from the initial orientation. In that case, the spin tensor �̇�𝑹 

resulting from the polar decomposition of deformation gradient tensor should be properly 
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accounted for in order to ensure that the strain rate components 𝜀𝜀�̇�𝑖𝑖𝑖 are consistently 

referred in the orthotropic material axes. 

Considering that only 𝜀𝜀1̇1, 𝜀𝜀2̇2, and 𝜀𝜀1̇2 components are significant in the current 

experimental set-up, the following matrix form of Eq. 10 is assumed sufficient: 

 �
𝜀𝜀̇̃11
𝜀𝜀̇̃22
𝜀𝜀̇̃12

� = �
𝕃𝕃11 0 0

0 𝕃𝕃22 0
0 0 𝕃𝕃66

� �
𝜀𝜀1̇1
𝜀𝜀2̇2
𝜀𝜀1̇2

� . Eq. 11 

The strain rate �̇�𝜺� is regarded as a deviatoric quantity so that 𝜀𝜀̇̃33 = −�𝜀𝜀̇̃11 + 𝜀𝜀̇̃22�. The three 

principal components, namely, 𝜀𝜀̇̃𝐼𝐼 , 𝜀𝜀̇̃𝐼𝐼𝐼𝐼 and 𝜀𝜀̇̃𝐼𝐼𝐼𝐼𝐼𝐼, are used to define a damage indicator 𝐷𝐷𝜀𝜀 

such that 

 𝐷𝐷𝜀𝜀 = ∫𝐻𝐻�𝜀𝜀̇̃𝐼𝐼�𝜀𝜀̇̃𝐼𝐼 + 𝐻𝐻�𝜀𝜀̇̃𝐼𝐼𝐼𝐼�𝜀𝜀̇̃𝐼𝐼𝐼𝐼 + 𝐻𝐻�𝜀𝜀̇̃𝐼𝐼𝐼𝐼𝐼𝐼�𝜀𝜀̇̃𝐼𝐼𝐼𝐼𝐼𝐼 𝑑𝑑𝑑𝑑 , Eq. 12 

where 𝐻𝐻 denotes the Heaviside function. The time integration should be numerically 

performed due to the discrete nature of the data obtained from DIC measurements such 

that 

 𝐷𝐷𝜀𝜀 = ��𝐻𝐻��̇�𝜀�𝐼𝐼
𝑖𝑖
� �̇�𝜀�𝐼𝐼

𝑖𝑖 +𝐻𝐻��̇�𝜀�𝐼𝐼𝐼𝐼
𝑖𝑖
� �̇�𝜀�𝐼𝐼𝐼𝐼

𝑖𝑖 +𝐻𝐻��̇�𝜀�𝐼𝐼𝐼𝐼𝐼𝐼
𝑖𝑖
� �̇�𝜀�𝐼𝐼𝐼𝐼𝐼𝐼

𝑖𝑖
� (𝑑𝑑𝑖𝑖 − 𝑑𝑑𝑖𝑖−1)

𝑛𝑛

𝑖𝑖

 Eq. 13 

in which the superscript 𝑖𝑖 denotes the time step. 

The transformation matrix 𝕃𝕃 can be calibrated by minimizing the objective function 

defined as: 

 𝑓𝑓(𝕃𝕃) = 𝐷𝐷𝜀𝜀(𝕃𝕃) − 1. Eq. 14 

In an ideal case, the damage indicator 𝐷𝐷𝜀𝜀 reaches 1 at fracture. One can extend the above 

for a set of multiple experimental data, for which the following objective function can be 

used: 

 𝐹𝐹(𝕃𝕃) = ��(𝐷𝐷𝑖𝑖𝜀𝜀(𝕃𝕃) − 1)2

𝑖𝑖

�
0.5

 Eq. 15 

where the index 𝑖𝑖 for summation denotes the individual experimental data set; 15 uniaxial 

tension data sets (3 directions × 5 repeated tests for each direction) were used to calibrate 

the matrix 𝕃𝕃 using Simplex method [52]. The respective components of the transformation 

matrix are listed in Table 3. According to Figure 5, the damage indicator 𝐷𝐷𝜀𝜀 reaches the 

value of 1 regardless of uniaxial tension direction. This implies that the failure model is able 
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to describe the anisotropy in fracture strain of the tensile tests along RD, TD and DD, since 

𝐷𝐷𝜀𝜀 = 1 refers to the status “broken”. 
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Table 2 Voce hardening parameters (Eq. 7) calibrated for the magnesium alloy 

 𝜏𝜏0 [MPa] 𝜏𝜏1 [𝑀𝑀𝑀𝑀𝑀𝑀] 𝜃𝜃0 [MPa] 𝜃𝜃1 [MPa] 

Basal 41.1 50.6 276 4.41 

Prismatic <a> 109 70.1 211 1.05 

Pyramidal <c+a> 138 75.0 663 13.9 

Tensile Twinning 30.4 0 0 0 

 

 

Table 3 Linear transformation calibrated by uniaxial tension experiments. 

𝕃𝕃11 𝕃𝕃22 𝕃𝕃66 

1.921 3.652 1.866 

 

  
Figure 5 Damage indicators after calibration using uniaxial tension tests including the respective scatter 
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3.3 Stress triaxiality from VPSC 

The stress triaxiality is calculated from the stress states resulting from VPSC simulations. 

The resulting stress tensors from VPSC are 5 dimensional deviatoric – see Eq. 8. The material 

response taken from the speckle pattern on the surface of the specimen fulfills the plane-

stress condition (𝜎𝜎�33 = 0), from which the hydrostatic pressure 𝑝𝑝 can be estimated: 𝑝𝑝 =

−1
3

(𝜎𝜎�11 + 𝜎𝜎�22). Consequently, the Cauchy stress can be obtained using the hydrostatic 

pressure together with the deviatoric stress tensor resulting from VPSC. The stress state of 

individual grain affected by this treatment is negligible, which was verified by comparison 

with an elasto-visco-plastic model [53]. Therefore, the full 6 dimensional Cauchy stress 

obtained from VPSC using the plane-stress state is reasonable. Once the full Cauchy stress 

state is obtained by 𝜎𝜎�𝑖𝑖𝑖𝑖 = 𝜎𝜎�𝑖𝑖𝑖𝑖′ + 𝑝𝑝𝛿𝛿𝑖𝑖𝑖𝑖, the triaxiality 𝜂𝜂 results from: 

 𝜂𝜂 = 𝑝𝑝/𝜎𝜎�𝑒𝑒𝑒𝑒 Eq. 16 

The equivalent stress 𝜎𝜎�𝑒𝑒𝑒𝑒 is assumed to be that of von Mises, which can be estimated by 

𝜎𝜎�𝑒𝑒𝑒𝑒 = �3𝐽𝐽2. The symbol 𝐽𝐽2 denotes the second invariant of deviatoric stress tensor so that 

𝐽𝐽2 = 1
2
𝜎𝜎�𝑖𝑖𝑖𝑖′ 𝜎𝜎�𝑖𝑖𝑖𝑖′ . 

The loading history pertaining to the fracture site gives the full deformation gradient 

history with the help of incompressibility condition in Eq. 1. The strain rate �̇�𝜺� and rotation 

rate �̇�𝑹 are imposed to the visco-plastic polycrystalline aggregate, from which the evolution 

of the stress triaxiality 𝜂𝜂 is obtained. Since the stress states investigated in the current study 

do not significantly change over the loading history, an averaged triaxiality should be 

sufficiently representative, estimated as follows: 

 �̅�𝜂 =
1
𝑇𝑇
� 𝜂𝜂(𝑑𝑑)𝑑𝑑𝑑𝑑
𝑇𝑇

0
≈

1
𝑇𝑇
�

�𝜂𝜂𝑖𝑖 + 𝜂𝜂𝑖𝑖−1��𝑑𝑑𝑖𝑖 − 𝑑𝑑𝑖𝑖−1�
2

𝑛𝑛

𝑖𝑖

 Eq. 17 

where 𝑇𝑇 is the time when the fracture occurs and the superscripts 𝑖𝑖 and 𝑛𝑛 denote the 

discrete time steps and the final time step at the fracture, respectively. 
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3.4 VPSC model calibration 

The initial crystallographic texture of as-received sample was obtained by electron 

backscattering diffraction (EBSD). A population of 1904 discrete orientations was extracted 

from orientation distribution considering complete grains only and omitting edge grains cut 

by the boundaries of the scanned field. Figure 6 shows the basal and prismatic pole figures 

on the basis of the selected orientations. Voce hardening parameters 𝜏𝜏0, 𝜏𝜏1,𝜃𝜃0 and 𝜃𝜃1 for 

slip and twin systems were calibrated by fitting the uniaxial flow stress-strain curves and the 

R-value evolutions using a Levenberg-Marquardt optimization scheme. During parameter 

calibration and subsequent VPSC simulations, the rate sensitivity exponent is set to 20 for all 

slip and twinning systems. The result of the fit is shown in Figure 7 and the identified 

parameters are summarized in Table 2. Since the tensile twinning is not expected to be 

active by the loading conditions explored in the current study (Section 2.1 and 2.2), the 

critical resolved shear stress τ0 was roughly estimated as three quarters of that for basal 

slip. This turned out to be necessary, as the flow stress resulting from an in-plane 

compression should render a lower yield stress compared to that from a tensile condition. 

The simulated compressive stress-strain curve included in Figure 7 hence exhibits the typical 

sigmoidal flow curve with a low initial yield stress (SD effect) observed for similarly textured 

magnesium alloys – see, e.g., [37,54]. 
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Figure 6 (0002) and (101�0) pole figures from the population of discrete orientations used in the VPSC model. 

 

 

(a)        (b) 

Figure 7 Experimental and VPSC-calculated (a) stress strain curves; and (b) instantaneous R-value evolution 

with respect to axial strain. 
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4 Results 

4.1 Stress responses 

The VPSC model calibrated in Section 3.4 is fed with the loading conditions characterized 

by the deformation gradient pertaining to the failure points. Figure 8 gives the VPSC-

calculated stress evolutions with respect to time for each Arcan test tabulated in Table 1. In 

it, the stress tensor components are referred in the laboratory axes as described earlier in 

Figure 4. Each test result within individual subplot in Figure 8 is distinguished by a symbol 

(squares, circles and crosses) attached to the end of curve (i.e., the fracture point). Overall, 

the calculated stress responses for the three repeated loading histories led to consistent 

results. In certain stress evolution curves, e.g., the TD 0° case with square, the level of stress 

oscillation seems exceedingly large. The large oscillation attributes to the presence of noise 

still remaining in the smoothed deformation gradient using the Savitzky-Golay filter. 

Nevertheless, later it is shown that this level of noise has only a marginal effect on the 

results of the current investigation. 

By increasing the 𝜃𝜃 angle of Arcan specimen defined in Figure 4, the orthotropic material 

axes tilt away from the laboratory axes so that a mixed-mode loading can be induced. Tilting 

of material axes by the angle 𝜃𝜃 together with the material rotation described by the tensor 

𝑹𝑹 may lead to a significant amount of shear and lateral stress components (𝜎𝜎�12 and 𝜎𝜎�11), see 

Figure 8. 

Figure 9 shows the evolution of the stress triaxiality 𝜂𝜂 determined by Eq. 16 for each 

repeated test together with the averaged triaxiality �̅�𝜂 (Eq. 17) denoted by a horizontal red 

line. The noise in 𝜂𝜂 evolution seems significant, which apparently inherits from the 

oscillation in stress responses shown in Figure 8. The averaged triaxiality renders a single 

value for each test since it results from a time integration. In all Arcan tests, its value is 

above the theoretical value of 1/3 expected at the edge. As evidenced in Figure 9, the 

respective values lie between 0.37 and 0.41, with the tendency of higher average 

triaxialities in case of RD samples than in case of TD counterparts. 
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Figure 8 Stress evolution resulting from VPSC simulations for the Arcan tests. The stress components are 

referred to the laboratory axes defined in Figure 4. 

 

 
Figure 9 Evolution of triaxiality 𝜂𝜂 calculated by VPSC stress calculation; The broken red line gives the average 

of �̅�𝜂 (Eq. 17) for each Arcan configuration tabulated in Table 1. 
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4.2 Failure strains and damage indicator 

Figure 10 shows that the maximum principal strains at failure resulting from the Arcan 

tests. For RD configurations it amounts to around 0.32 regardless of the tilting angle 𝜃𝜃. In 

the case of TD configurations, however, the strain at failure rises with an increase in 𝜃𝜃. 

Overall, the TD samples fail at a lower strain compared to the RD samples, except at 𝜃𝜃 =

60°. The anisotropy in failure behavior evident in Figure 10 is in line with the observations 

on tensile tests (Figure 1b), where the TD samples show a significantly lower maximum 

principal strain than the other two loading directions. 

The transformation matrix with three non-zero components (𝕃𝕃11,𝕃𝕃22, and 𝕃𝕃66) suffices to 

capture the anisotropic fracture of the tensile samples by using the damage indicator 𝐷𝐷𝜀𝜀 as 

shown in Figure 5. Using the same matrix, the evolution of damage indicator 𝐷𝐷𝜀𝜀 was 

evaluated for each of the Arcan loading histories, and the results are shown in Figure 11. 

The average 𝐷𝐷𝜀𝜀 values at fracture are summarized in Figure 12 with uncertainty bars 

corresponding to the standard deviations pertaining to the three repeated tests. In general, 

the evolution of 𝐷𝐷𝜀𝜀  is progressive, with an accelerated increase of damage indicator prior to 

failure of the respective sample. Figure 12 shows that the averaged value of 𝐷𝐷𝜀𝜀 at fracture 

of the Arcan samples is less than the value of 1 regardless of the test configuration. This 

indicates that the model renders the samples as being not fractured, which is an obvious 

contradiction to what the tests retrieved.  

In order to better understand this contradiction, the average 𝐷𝐷𝜀𝜀 values at fracture are 

plotted as a function of the averaged stress triaxiality �̅�𝜂 in Figure 13 for both tensile and 

Arcan tests. The results in Figure 13 can be summarized to the following distinctive features: 

i. The triaxiality of uniaxial tension in the case of the tensile samples is larger than 

1/3; the �̅�𝜂 = 1/3 is indicated by the gray vertical line.  

ii. There is a correlation between the triaxiality and 𝐷𝐷𝜀𝜀 at fracture for the entire data: 

increase in the triaxiality leads to the decrease in 𝐷𝐷𝜀𝜀 value at the fracture. 

Regarding the 1st feature, it should be mentioned that non-zero lateral stress components 

could result from the VPSC simulation on uniaxial tension since the velocity gradient tensor 

was fully imposed as boundary condition as discussed earlier in Section 3.1. Moreover, the 

material may exhibit inhomogeneous stress response even inside the gauge area as 

demonstrated in [55], so that the stress state at the fracture site might be significantly 

deviated from the global uniaxial stress state. Furthermore, the point at which the 
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deformation gradient was calculated lies a few microns away from the edge, since the 

respective facet used to calculate the displacement gradient cannot be located exactly at 

the edge. Diffuse necking hence leads to a small increase of triaxiality. 

The 2nd feature on the presence of a correlation between 𝐷𝐷𝜀𝜀 and �̅�𝜂 is further investigated 

in Figure 14a, where the 𝐷𝐷𝜀𝜀 vs. �̅�𝜂 coordinates are fitted to a linear function 𝐷𝐷∗(𝜂𝜂) denoted 

as the straight line. Correspondingly, a correction to mitigate the dependency of the 

damage indicator on triaxiality is attempted as following: 

 𝐷𝐷𝜀𝜀∗ = 𝐷𝐷𝜀𝜀 − (𝐷𝐷∗(�̅�𝜂) − 1) Eq. 18 

where 𝐷𝐷𝜀𝜀∗ is the ‘corrected’ damage indicator based on the linear fit 𝐷𝐷∗(�̅�𝜂). The corrected 

damage indicator 𝐷𝐷∗ shown in Figure 14b then gives values fairly close to unity for all the 

experimental data. Interestingly, this applies to all tests considered. Since the Arcan tests 

along RD and TD show slightly different values of stress triaxiality, the “correction” simply 

based on �̅�𝜂 is successful considering the experimental uncertainties denoted by the error 

bars. 

In fact, there are two main contributions to the uncertainty: 

i. The standard deviation among experimental data obtained from the repeated tests 

ii. The residual noise that cannot be completely removed from the Savitzky-Golay 

filter as evident in the noisy triaxiality shown in Figure 9. 

While the former is regarded intrinsic to the nature of problem which might also have been 

originated from material inhomogeneity, the latter can be regarded as an artefact and is an 

unwanted contribution. Therefore, care should be taken by checking if the condition of the 

smoothing performed on the deformation gradient has an influence on the linear 

relationship between the damage indicator and the triaxiality. Despite of the evidence that 

the smoothing did not affect the triaxiality as shown in Appendix, we repeated the entire 

DIC analyses and subsequent VPSC simulations based on nearly an overfitting condition. The 

data in Figure 15 shows that the binning size of 10% to the total number of digital images, 

which is twice larger than the one assumed in Figure 14. Nevertheless, the result in Figure 

15 is nearly equivalent with Figure 14. Only a marginal tolerance that is smaller than the 

persistent error bar is shown, which implies that the smoothing of DIC data does not 

significantly affect the main results. 
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Figure 10 Principal strain at fracture from Arcan tests; TD experimental values were intentionally shifted 

rightward inasmuch as 1° for better visualization. 

 
Figure 11 Evolution of 𝐷𝐷𝜀𝜀 calculated for Arcan tests until fracture. 
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Figure 12 Damage indicators at fracture calculated for Arcan tests; TD experimental values were intentionally 

shifted rightward inasmuch as 1° for better visualization. 

 
Figure 13 Damage indicators at fracture with respect to the average triaxiality �̅�𝜂. 
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   (a)       (b) 

Figure 14 (a) Least square fit of 𝐷𝐷𝜀𝜀; and (b) corrected damage indicators using the binning size corresponding 

to 5% of the total number of digital images up to fracture as suggested in Appendix. 
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Figure 15 The results presented Figure 14 were repeated with the binning size corresponding to 10% of the 

total number of digital images up to fracture. 
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5 Discussion 

5.1 General comments on linear transformation based damage indicator 

The idea of using the linearly transformed strain to reflect the failure anisotropy originates 

from anisotropic yield functions – see for example [50,51]. The linear transformation of 

strain has been adapted by other studies focusing on decoupled failure criteria. For 

example, Luo et al.[30] and Lou and Yoon [31] used the linearly transformed strain for 

aluminum alloys, which has been also applied to magnesium alloys by Jia and Bai [14,27]. In 

the mentioned studies, the transformed strain was used to obtain the equivalent plastic 

strain that is employed to phenomenological plasticity models. 

In the current approach, the transformed strain is directly used to quantify the damage 

accumulated by plastic activities through Eq. 12. Only three components of 𝕃𝕃 matrix were 

required for calibration by fitting with the three uniaxial tension tests. The damage indicator 

𝐷𝐷𝜀𝜀 characterized by the three strain components was used to reproduce the anisotropic 

fracture behavior of uniaxial data as shown in Figure 5. When applied to the strain histories 

of Arcan samples, however, the prediction of 𝐷𝐷𝜀𝜀 indicator in the current form was poor – 𝐷𝐷𝜀𝜀 

values at fracture amounted to a value noticeably less than unity (meaning no failure). This 

implies that the damage criterion characterized only by strain information cannot predict 

fracture in more general mixed mode conditions. This is somehow unexpected since failure 

initiates at the free edge in case of tensile and Arcan tests, where the stress state is uniaxial 

due to the equilibrium condition. With the common concept of triaxiality-dependent 

(ductile) failure caused by void growth [56–58] in mind, the detailed analysis of stress 

triaxiality in the current tests appears to be necessary. 

In fact, the 𝐷𝐷𝜀𝜀 value less than unity, for the case of Arcan tests, indicates that the damage 

has not been sufficiently accumulated in the material. This may be attributed to the fact 

that the damage indicator as in the current form does not account for triaxiality of the 

material. It is quite well known that the increase in triaxiality promotes the void growth thus 

leading to an early failure, which is not accounted for the simple damage indicator assumed 

in the current study due to the lack of any stress measure. The presence of linear correlation 

between the 𝐷𝐷𝜀𝜀 values at fracture and the average triaxiality shown in Figure 14 therefore 

supports this idea. More specifically, by explicitly accounting for the influence of triaxiality 

via correcting the damage indicator as in Eq. 18, the damage value at fracture amounts to 
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unity regardless of Arcan configuration within the tolerance resulting from the repeated 

tests. 

 
5.2 Validation on linear transformation method 

Although the linear transformation on fracture strain has been used by others, not much 

detailed discussion has been given to its validity. It appears important to assess the physical 

interpretation of the linear transformation matrix as it bears the key function in accounting 

for failure anisotropy. The 𝕃𝕃�22 component has the highest value, see Table 3, which 

indicates that normal strain along TD (𝜀𝜀2̅2 ) has the most pronounced contribution to the 

damage accumulation in comparison with the other strain components, namely 𝜀𝜀1̅1 (RD 

strain) and the shear 𝜀𝜀1̅2. The contribution of strain along different directions may be 

related to the crystallographic texture. In fact, the (0002) basal pole figure in Figure 6 shows 

that the regions of maximum intensity align with the equator, which indicates the presence 

of an orthotropic symmetry thus leading to dissimilar contributions: material is more ductile 

along RD than TD. A similar observation is reported in the literature. According to the 

analysis reported by Somekawa and Mukai [59] the fracture toughness of an extruded 

magnesium alloy is very sensitive to the crystallographic texture. In it, they used an AZ31 

sample with basal poles spread towards a direction perpendicular to the extrusion axis, 

along which more ductile response with enhanced elongation was observed. The result of 

Somekawa and Mukai is in good agreement with the current results in that more ductile 

behavior is observed to a material direction of basal pole spread, which in our case is the 

RD. 

In many wrought alloys, the anisotropy of failure is related to the morphology and 

clustering of second phase particles. Respective modelling approaches successfully capture 

this, e. g. [60,61]. In the current investigation, however, dispersoids are not clustered. 

Fracture surfaces of RD and TD tensile samples have similar appearance. Hence it is unlikely 

that this effect is responsible for the observed failure anisotropy.  
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5.3 Advantage over full-field computations 

The evolution of deformation gradient obtained by DIC on a local fracture site was directly 

used to characterize the loading condition in terms of both strain and rotation imposed on 

the VPSC calculation. Consequently, the stress response pertaining to the fracture site was 

efficiently obtained without simulating the entire mechanical tests, which would require to 

use a full field computational framework such as finite element (FE) or fast Fourier 

transform (FFT) crystal plasticity simulations. In fact, the type of material failure focused in 

the current investigation is localized to a region corresponding to several pixels processed 

by the DIC technique, to which the constitutive description provided by the stand-alone 

VPSC code would be sufficiently representative. This approach is computationally much 

lighter than the case using the FE or FFT so that a more efficient evaluation of the stress 

response was feasible: it took less than 2 minutes to simulate the 30 separate Arcan test 

configurations (Table 1) by allowing multi-threading on a workstation with 2.3GHz Intel 

Xeon W processor. 

It should be noted however that this approach cannot provide stress states from other 

sites than the one at which digital images are acquired, which principally restricts the 

method to free (visible) surfaces. In other words, as long as the DIC method is applicable, 

the current approach in principle can be used. Nonetheless, considering the AZ31 sheet with 

an initial thickness of 1.2 mm was used, the assumption of the plane-stress condition is 

reasonable. Moreover, the stress developed in the volume is not expected to significantly 

deviate from the surface stress state. 
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5.4 The use of mean-field crystal plasticity model 

In most of the failure models belonging to the Group III, the stress state plays a key role as 

it provides important inputs such as triaxiality and lode angle. A plasticity model here fills 

this gap by providing stress evolution for a given loading history determined in terms of 

strain history resulting from DIC data. Often, the measured external loadcell signal is 

compared with the loading history calculated from FE simulations, which again relies on a 

chosen constitutive model. Therefore, the accuracy of plasticity model is crucial. 

According to the best knowledge of the authors, for the case of magnesium alloy, Jia and 

Bai [14,27] have utilized the most advanced plasticity model to address the anisotropic 

fracture among the studies focusing on the Group III criteria. In the mentioned works, they 

chose a particular yield function (CPB) [62] that is designed to describe the SD effect 

observed in textured hexagonal alloys. Moreover, Jia and Bai adapted the crystallographic 

characteristics based on Schmid factor to distinguish the twinning and glide activities using a 

semianalytical Sachs model of Barnett et al. [29]. However, certain aspects of pertinent 

characteristics of magnesium alloys were not properly accounted for therein. For example, 

the evolution of anisotropic parameters in the CPB yield function were neglected despite of 

the pronounced differential hardening observed in magnesium alloys [15,17,21,22,26]. 

Moreover, the approach using a scalar Schmid factor adapted thereby cannot properly 

account for multiaxial stress conditions concurrently. To that end, some of the material 

parameters were calibrated in an ad hoc manner depending on the stress triaxiality [27] and 

loading condition [14]. Overall, an approach based on Schmid factor alone cannot account 

for multiaxial loading states together with evolution of plastic anisotropy (as evident in 

Figure 7b), which generally requires the Schmid tensor for each distinctive slip and twin 

system such as in Eq. 6. 

In the current investigation a mean-field crystal plasticity (VPSC) model was adapted as 

the plasticity model, which successfully captured the anisotropic behavior of AZ31 sample: 

both SD effect and anisotropic R-value evolution. The model parameters are closely related 

with the micromechanical properties such as critical resolved shear stress of each 

deformation mode, and the Schmid tensor characterized by slip/twin plane and direction 

was accounted for to address the resolved shear stress determined based on multiaxial 

stress states of individual grains. The loading history of the fracture site obtained from DIC 

measurement was directly employed to VPSC model. The decoupled approach in the 
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current form consisting of an empirical damage indicator and a mean-field crystal plasticity 

model is computationally light and can effectively serve to account for various microscopic 

features such as texture evolution and slip/twin activities during large plastic deformation. 

One of the most apparent advantage of using mean-field crystal plasticity over 

phenomenological plasticity model is that the constitutive parameters are more closely 

related with microscopic features such as crystallographic texture, twin and slip modes. 

Consequently, the current hybrid approach can be further explored to quantify the effects 

of, for instance, crystallographic texture and slip/twin activities to material fracture. 

The model calibration is also quite straightforward: the initial crystallographic texture can 

be experimentally determined using EBSD and XRD techniques, and a fewer number of 

parameters were used compared to the modeling approach of Jia and Bai. Overall, 30 

separate parameters (20 for semi-analytical Sachs model and 10 for eMMC criterion 

including transformation matrix) were calibrated in [27]. In the current approach, 16 Voce 

hardening parameters and 3 additional components of linear transformation matrix were 

calibrated. Moreover, rich information on material behavior can be extracted such as 

texture evolution; and the hardening parameters for individual slip/twin modes are closely 

related with the micromechanical features so that direct measurement of CRSS have been 

attempted by various microscopic techniques – see, e.g., [63] so that the well calibrated 

material model can be used for new material design and performance estimation. 
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5.5 Crack initiation point and triaxiality 

So far, it has been stated here that cracks initiate at the free boundary. Although this still 

appears to be a true statement from the macroscopic point of view, the values of triaxiality 

reported in Section 4.2 raise a contradiction to that. Since the simulated values are larger 

than 1/3 and the failure criterion renders valid predictions once a weight based on the local 

triaxiality is included in the failure model (see Figure 14b), it can be concluded that the 

failure process is initiated a few microns away from the edge. This appears generally 

feasible. If cracks initiate at the edge or a few microns away from it, it remains an open 

question, because  

1. The fracture surfaces do not show any sign of an initiation point as against the 

crack propagation regime [42]; 

2. The approach pursued in the current investigation does not account for gradients 

along the sheet thickness direction. These possible constraints leading to an 

increase in stress triaxiality are not considered. 

It is possible to impose the position of localization and subsequent cracking to a sample by 

applying intentional thinning to specimen prior to tests, e. g. [64,65]. Alternatively, a 

combined approach of testing and FE-simulations can provide the location of the maximum 

triaxiality to define the onset of fracture, e.g. [9,66]. The first procedure appears not to be 

feasible here, since machining will add mechanical twins to the material, which changes the 

properties of the parent material. The second is lapsed by the current approach, since the 

point of fracture, from which the strain history is obtained, is regarded unknown a priori.  

 

6 Conclusion 

An uncoupled ductile fracture criterion was investigated for an AZ31 magnesium alloy 

sheet. The criterion utilized the strain history from DIC analyses focusing on local fracture 

sites. A simple linear transformation was applied to account for the anisotropy in fracture 

behavior, which was used to quantify the accumulated damage as a scalar quantity. 

Although the fracture anisotropy observed in uniaxial tension results was well captured, the 

predictive accuracy of the damage indicator on various mixed-mode loading histories 

explored by Arcan tests was less accurate. 
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The visco-plastic self-consistent crystal plasticity provided reasonable stress responses 

pertaining to the local fracture in that the SD effect and the deformation-induced 

anisotropy were well captured. The results of VPSC simulation suggest that the damage 

indicator in the current form needs to additionally account for the stress triaxiality. By 

explicitly accounting for the triaxiality estimated by VPSC simulation, the corrected damage 

indicator led to consistently good predictive accuracy for various loading histories realized in 

three uniaxial tension and ten different mixed-mode loading histories. Although the 

approach is of phenomenological nature, it appears more suited to assess the fracture than 

instability models, since the type of strain localization assumed therein was not observed 

experimentally.  

The analysis of the stress triaxiality at the crack initiation points of the sheet metal 

retrieved values lying between the values of 0.33 and 0.45, which correspond to the uniaxial 

(1/3) state and a marginally shifted state towards the equi-biaxial (2/3). Although the range 

is too small in order to formulate general dependencies between triaxiality and ductility 

valid for bulk material, it allows assessing the edge failure: it is likely that crack formation 

started away from the free surface rather than at the edge.  
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Appendix 

The Savitzky-Golay filter has been applied to reduce the noise contained in the evolution 

of deformation gradient tensor (hereinafter denoted as 𝑭𝑭) obtained from DIC analysis. The 

noise present in the discretized 𝑭𝑭 data is reduced by fitting a batch of successive data with a 

polynomial. The coefficients of polynomial are determined by the least square method. For 

that reason, the order of polynomial (𝑁𝑁𝑜𝑜) and the number of discrete data binned in a batch 

(𝑁𝑁𝑙𝑙) may affect the degree of smoothing. A number of (𝑁𝑁𝑜𝑜 ,𝑁𝑁𝑙𝑙) pairs were tested to 

demonstrate the influence of various smoothing conditions on 1) the rate of deformation 

gradient (�̇�𝐹11 and �̇�𝐹22); and 2) the stress responses (𝜎𝜎�11 and 𝜎𝜎�22) resulting from VPSC 

simulation using the strain rate and the rotation rate derived from the smoothed 𝑭𝑭 as 

shown in Figure 16 and Figure 17, respectively. For VPSC simulation, a raw DIC data set from 

a uniaxial tension test along RD was utilized. Afterwards, the stress responses from VPSC 

were used to estimate the average triaxiality (following Eq. 17), and the results are 

summarized in Figure 18. 

Figures 16 and 17 suggest that the order of polynomial for the range considered in the 

current investigation has only a marginal effect on both �̇�𝑭 and 𝝈𝝈� particularly when 𝑁𝑁𝑙𝑙 ≥ 15. 

The influence of 𝑁𝑁𝑜𝑜 becomes less significant with 𝑁𝑁𝑙𝑙 ≥ 15 as well. Likewise, Figure 18 

suggests that for each chosen order of polynomial, 𝑁𝑁𝑙𝑙 has only a minor effect. Considering 

that the loading conditions investigated in the current study does not involve drastic 

change, the 2nd order polynomial is regarded more adequate than higher order polynomials 

to prevent a potential risk of data overfitting. For a chosen polynomial, the influence of 𝑁𝑁𝑙𝑙 

seems to also have only a minor influence on �̅�𝜂. Note that the upper abscissa in Figure 18 

scales with the ratio of the number of images in each batch to the total number of images 

taken before fracture. Namely, below defined 𝑁𝑁� value was used to quantify how relatively 

large a size of batch is: 

𝑁𝑁� =
𝑁𝑁𝑙𝑙

𝑁𝑁𝑡𝑡𝑜𝑜𝑡𝑡 × 100 [%] 

in which 𝑁𝑁𝑡𝑡𝑜𝑜𝑡𝑡 corresponds to the total number of images taken prior to fracture. In this 

study, the number of images in a batch for polynomial fit is chosen such that 𝑁𝑁� amounts to 

5% unless otherwise noted. 
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Figure 16 Rate of deformation gradient tensor (�̇�𝐹11 and �̇�𝐹22) smoothed by Savitzky-Golay filter; Each subplot 

results from a set of the order of polynomial (𝑁𝑁𝑜𝑜) and the number of discrete data binned (𝑁𝑁𝑙𝑙), which is given 

in the upper left corner as in (𝑁𝑁𝑜𝑜,𝑁𝑁𝑙𝑙) pairs. 

 



45 
 

 

Figure 17 Stress response simulated by VPSC, which results from the Savitzky-Golay filter. The same template 

of Figure 16 was used. 
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Figure 18 Averaged triaxiality �̅�𝜂 resulting from various (𝑁𝑁𝑜𝑜,𝑁𝑁𝑙𝑙) conditions assumed in the Savitzky-Golay 

filter. 
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