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Scaling behavior of stiffness and strength of
hierarchical network nanomaterials
Shan Shi1,2*, Yong Li1,2, Bao-Nam Ngo-Dinh1,3, Jürgen Markmann1,2, Jörg Weissmüller1,2*

Structural hierarchy can enhance the mechanical behavior of materials and systems. This is exemplified by the
fracture toughness of nacre or enamel in nature and by human-made architected microscale network
structures. Nanoscale structuring promises further strengthening, yet macroscopic bodies built this way
contain an immense number of struts, calling for scalable preparation schemes. In this work, we demonstrated
macroscopic hierarchical network nanomaterials made by the self-organization processes of dealloying. Their
hierarchical architecture affords enhanced strength and stiffness at a given solid fraction, and it enables
reduced solid fractions by dealloying. Scaling laws for the mechanics and atomistic simulation support the
observations. Because they expose the systematic benefits of hierarchical structuring in nanoscale network
structures, our materials may serve as prototypes for future lightweight structural materials.

H
ierarchical structures, featuring several
relevant length scales, are common in
nature, engineering, and society. Often,
the hierarchy is motivated by optimiz-
ing function for instance, the transport

of fluids (1 3) or vehicles (4). Another promi-
nent use of hierarchy is in optimizing me-
chanical behavior while satisfying boundary
conditions on material class, mass density, or
manufacturing costs. Nature is well known
to exploit hierarchy for optimizing fracture
toughness in nacre, bone, and enamel (5 9).
Strong and lightweight hierarchical truss struc-
tures at the macroscale have been used for
more than a century (10). By exploitingmodern
three-dimensional (3D) manufacturing tech-
niques, this approach has been transferred to
themicroscale. Architected truss structures have
been demonstrated with extremely low density,
high specific strength, and high resilience [(11 15);
for a comprehensive review, see (16)].
Driving the size of architected truss struc-

tures into the regime of nanometers has been
recognized as beneficial (13, 16, 17) because
this exploits the high strength of metal nano-
structures (18). Using struts of 10 nm in di-
mension would imply on the order of 1014

struts in a cubic millimeter. Rather than 3D
manufacturing, producing that many micro-
structural elements requires the self-organized
processes that are characteristic of micro-
structure evolution in materials science. In
other words, making truly nanoscale open-
network structures by materials prepara-
tion routes that are scalable and so yield
macroscopic bodies is an area of high interest.
Micrometer-scale microstructures made by

spinodal decomposition or colloidal crystalli-
zation may act as templates for thin shells to
provide macroscopic bodies in which one
dimension the shell thickness is in the
nanoscale (19 21). Yet, although such ap-
proaches exemplify the versatility of nature’s
self-organization processes, they have yet to
achieve structural hierarchy. Various routes
can lead to hierarchy in nanoporous metals
(22, 23), yet homogeneous macroscopic bodies
are the exception, and interesting mechanical
properties remain to be demonstrated for this
class of materials.
Network nanomaterials with a single char-

acteristic size have been demonstrated on the
basis of dealloying (24). In this process, cor-
rosion removes one constituent from a solid
solution, and the remaining constituent reor-
ganizes to form an open-network material.
Dealloying can produce homogeneous mono-
lithic bodies that are millimeters or centi-
meters in size (25 27), whereas strut sizes
reach down to a few nanometers (28). These
bodies are deformable to large plastic strain
without failure, and their effective macro-
scopic strength is consistent with the ex-
tremely high local strength of the nanoscale
struts (29 33). Dealloying is best understood
as a process for nanoporous gold (NPG), but
protocols for lighter and stronger metals,
such as Ti, Al, and high-entropy alloys, are
becoming available (34 37).
Dealloying is also a pathway to hierarchical

network materials and specifically to struc-
tures with a particularly stringent architecture
in the form of two geometrically similar net-
works that are nested on two well-defined,
distinctly different length scales (38 40).
However, macrodefects have impaired inves-
tigations of the mechanical behavior of these
materials.
Dealloying can provide solid volume frac-

tions, ϕ, down to ~0.25 in single length-scale
networks. Reducing ϕ requires increasing the
aspect ratio of the struts, yet long and thin

struts tend to be Plateau-Rayleigh instable
(33, 41, 42). This problem is generally relevant
for nanomaterials, and it applies specifically
for metallic nanostructures that emerge from
diffusion-driven self-organization, which is
the active process during dealloying. Conse-
quently, the connectivity of dealloying-made
network materials deteriorates when ϕ falls
below ~0.3, and so do stiffness and strength
(43). This observation provides an incentive
for hierarchical nanoscale network materials.
To reach lowϕ in a stable structure, short and
thick struts on any given hierarchy level can
be built as a network made of a set of much
smaller struts, which are also short and thick
(and thus stable) on a lower structural hierar-
chy level. In this way, self-organized (and thus
scalable) processesmay be expected to build low-
density (and thus lightweight) nanoscale (and
thus strong) networks with good connectivity
and high strength and stiffness.
We report a dealloying route toward the

scalable and controllable preparation of mac-
roscopic monolithic bodies of nested-network
nanoporous gold (N3PG) that are free ofmacro-
defects. The characteristic size at the lower
hierarchy level is as small as 15 nm, andϕ can
be as low as 0.12. This value has been very
challenging to attain in nanoscale network
materialsmade by dealloying.Macroscale com-
pression tests show that the stiffness and
strength increase when going from the single
scale to the hierarchical material. Our find-
ings are explained by scaling laws that emerge
from recursive homogenization approaches on
the individual hierarchy levels, and we corro-
borated them using molecular dynamics (MD)
simulation of the mechanical behavior.

Preparing nested-network nanomaterials

Ourmonolithic N3PG samples weremade by a
refined variant of the “dealloying-coarsening-
dealloying” protocol (Fig. 1A) (39, 44). Our
preparation goes through three stages, an
as-dealloyed nanoporous Ag-Au (stage i), a
coarsened nanoporous Ag-Au (stage ii), and
N3PG (stage iii). Stage i is generated when the
Ag93Au7 master alloy is electrochemically
dealloyed in 0.01 M H2SO4. During this pro-
cess, nanoporous Ag-Au forms by surface
diffusion as the Ag is partially dissolved.
Stage ii is obtained by coarsening the stage i
material through a vacuum anneal. This estab-
lishes the structure of the upper hierarchy
level. The final, stage iii hierarchical material
is obtained when the residual Ag is removed
during a second electrochemical dealloying
process in 1.0 M HClO4. This process creates
a much smaller porous structure inside the
larger struts of the coarsened stage ii material.
The smaller structure represents the lower
hierarchy level.
Scanning electron microscopy (SEM) images

of the stage i material (Fig. 1B) exhibit the
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for a material with n hierarchy levels. P0 is
the local value of P in the massive material
that forms the elementary structural units
(in this work, the struts) at the lowest
hierarchy level.
Often, the Peff depend onϕby a power law,

so thatPeff bPlocϕb with b and b constants.
Consider, for simplicity, a “strong” self-
similarity, characterized by a common value,
~ϕ , of the solid fraction at each of the n hi-
erarchy levels. The net values of the solid frac-
tion and of P are thenϕnet ~ϕn and (by Eq. 2)
Pnet P0bnϕ

b
net , respectively. As has been

pointed out (10), the impact of hierarchical
structuring on the mechanics is here simply
represented by the factor bn. Hierarchy then
has no impact on themechanics if b = 1, as for
Young’s modulus of foams, and it will lead to
a progressive deterioration of the behavior if
b < 1, as for the strength of foams (10, 48).
Power-law scaling is well established for

materials with a macroscale microstructure,
such as conventional foams (48). Yet power
laws may generally not be expected for ma-
terials in which a nanoscale bicontinuous
microstructure forms by self-organization.
Nanoscale struts with a high aspect ratio,
required for lowϕ, tend to disconnect because
of the Plateau-Rayleigh instability (33, 41, 42).
The result is a progressive loss of connectivity
in the network as ϕ decreases, abutting in a
percolation threshold at a finite value,ϕper, of
the solid fraction. Amodified Roberts-Garboczi

law has been proposed for the mechanical be-
havior of such materials. Limited to not-too-
large ϕ, this law takes the form (43)

Peff PlocC
ϕ ϕper

1 ϕper

� �m
ð3Þ

with C andm constants.
For the effective E of bicontinuous mate-

rials formed by spinodal decomposition or de-
alloying and for ϕ ≤ 0:5, the constants in Eq. 3
take the valuesϕper ≈ 0:16, C ≈ 2, andm ≈ 5=2.
Because the predicted values of E agree well
with experimental data for as-prepared deal-
loyed NPG (43), we explored the ramifications
of Eq. 3 for N3PG. Combining the scaling law
with the recursive homogenization scheme
of Eq. 2 and assuming strong self-similarity,
we obtained for the net effective Young’s
modulus
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for ϕnet ≤ 2�n.
Experiment provides strong evidence for a

systematic correlation between the stiffness
and strength of nanoscale metal network ma-
terials made by dealloying (47, 49). The un-
derlying notions are that (i) disconnected

regions of the network will contribute to the
solid fraction but, because they bear no load,
not to the effective mechanical behavior and
that (ii) the Gibson-Ashby scaling relations
for open-cell foams (Fig. 3) apply to the well-
connected, load-bearing part of the material.
These findings can be combined with the
modified Roberts-Garboczi law for E to obtain
a tentative scaling law for the strength of NPG,
accounting for the percolation threshold (44).
Forϕ ≤ 0:5, this law again takes the formof Eq.
3, but with the modified parameters C ≈ 1=2
andm ≈ 15=8 (eq. S6). The estimated value ofm
agrees well with the empirical value, m = 1.84
(49), obtained by fitting experimental strength
data for dealloyed nanoporous Fe-Cr with
Eq. 3. Combining this scaling law with Eq. 2,
we obtained the yield strength of the hierar-
chical material as
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for ϕnet < 2�n. The scenario underlying Eqs.
4 and 5 of strong self-similarity (identicalϕat
each hierarchy level) provides the optimum
stiffness and strength for a given ϕnet (44).
We used Eqs. 4 and 5 to predict the varia-

tions of stiffness and strength with the ϕ in
structures with different numbers of hierarchy

Fig. 3. Scaling behavior of
stiffness and strength with
solid fraction for NPG with
different numbers of hierar-
chy levels. (A) Effective
Young’s modulus (E) versus
solid fraction ðϕÞ. (B) Normal-
ized yield strength ðs=s0Þ ver-
sus ϕ. s0 denotes local strut
strength at the lowest hierar-
chical level (47). Solid symbols,
experimental N3PG (n = 2).
Open symbols, literature data
for experimental nonhierarchical
NPG (n = 1) taken from various
sources [for details and a ver-
sion with log-log axis scaling,
see fig. S4 (44)]. Asterisks,
simulated data of spinodal and
self-organized nanoscale
network structures with a single
hierarchy level (n = 1) (43).
Lines, theory recursive homoge-
nization, Eqs. 4 and 5; broken
lines, Gibson-Ashby laws (44).

consistent, and the hierarchical material ex-
plores a range of solid fractions that are sub-
stantially below those of the nonhierarchical 
material.

Scaling laws for Young’s modulus
and strength

Our discussion of scaling laws adopts the sug-
gestion of a recursive homogenization scheme 
for modeling the mechanical behavior of 
hierarchical structures or materials (6, 10). When 
applied to nested networks, the underlying 
assumption is that the effective (homogenized)
value, Peff j , of the mechanical materials prop-
erty P at any hierarchy level j of the network 
can be understood as the product of the local 
value, Ploc, of  P in the struts at that level and of 
a function p that depends on the geometry 
of the microstructure, in the simplest case 
through the strut volume fraction,  ϕj , at the  
respective level. Because Ploc embodies the 
effective material’s behavior at the next lower 
hierarchy level, one obtains the recursive for-
mula and the result for the net value, Pnet, 
of P as












