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Abstract 20 

This paper investigates sparse grids on a hexagonal cell structure using a Local-Galerkin method (LGM) or generalized 21 

spectral element method (SEM). Such methods allow sparse grids to be used, known as serendipity grids in square 22 

cells. This means that not all points of the full grid are used. Using a high-order polynomial, some points of each cell 23 

are eliminated in the discretization, and thus saving Central Processing Unit (CPU) time.  Here a sparse SEM scheme 24 

is proposed for hexagonal cells. It uses a representation of fields by second-order polynomials and achieves third-25 

order accuracy. As SEM, LGM is strictly local for explicit time integration. This makes LGM more suitable for 26 

multiprocessing computers compared with classical Galerkin methods. The computer time depends on the possible 27 

timestep and program implementation. Assuming that these do not change when going to a sparse grid, the potential 28 

saving of computer time due to sparseness is 1:2. The projected CPU saving in 3-D from sparseness is by a factor of 29 

3:8. A new spectral procedure is used in this paper, called the implied spectral equation (ISE). This procedure allows 30 

for some collocation points to use any finite difference scheme of high order and the time derivatives of other spectral 31 

coefficients are implied. 32 

 33 
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1. Introduction 40 

A new generation of global atmospheric models is constructed by dividing the sphere into patches of nearly 41 

regular grids (Taylor et al. 1997; Giraldo 2001; Williamson 2007; Satoh et al. 2008; Skamarock and Klemp 2008; 42 

Skamarock et al. 2012; Staniforth and Thuburn 2012; Zängl et al. 2015). The basic principle of such icosahedral or 43 

cubed-sphere models has been known for a long time (Williamson 1968; Sadourny 1972). It was about the year 2000 44 

until polygonal methods in the form of icosahedral and cubed-sphere models were considered fit for use in realistic 45 

atmospheric models (Rancic et al. 1996; Steppeler and Prohl 1996; Ringler et al. 2000). In the mean-time, spectral 46 

models or models with latitude-longitude grids became the method of choice for global atmospheric models. At 47 

present, most new developments of realistic models use polygonal methods (Taylor et al. 1997; Giraldo 2001; 48 

Skamarock and Klemp 2008; Zängl et al. 2015).  49 

With hindsight, there are two problems which prevented the immediate application of the polygonal grids 50 

(Williamson 1968; Sadourny 1972). One problem is the mapping of the sphere to a plane, which some models employ 51 

for the discretization. If a global coordinate is used, this mapping of the sphere to the plane will lead to singularities. 52 

This implies similar problems as encountered with global latitude-longitude grids, even though polygonal grids are 53 

nearly regular. This problem was solved in Steppeler and Prohl (1996) by abandoning a global coordinate system and 54 

rather using a local coordinate at each grid point. In Steppeler et al. (2008), a coordinate-free method was used, which 55 

can also be considered as using the earth centered orthogonal coordinate system together with a local basis for vectors 56 

at each grid point. Another problem is the occurrence of low-order approximations at poles and edges of the 57 

icosahedron. This will lead to the icosahedral grid to be seen distorting the solutions, which is called grid imprinting 58 

(Peixoto and Barros 2013; Weller et al. 2012). An example of problems caused by non-uniform approximation order 59 

at the poles was given by Tomita et al. (2001). Solutions without grid imprinting were developed in Baumgardner and 60 

Frederickson (1985) for second-order approximation and for a non-meteorological problem. In Steppeler et al. (2008), 61 

a third-order icosahedral global model without grid imprinting was proposed. Baumgardner and Frederickson (1985) 62 

and Steppeler et al. (2008) avoided grid imprinting by using approximations of uniform order two or three. Uniform 63 

order p means that there is no grid point where the order of approximation is below p. The grid imprinting reported in 64 

Tomita et al. (2001) was caused by approximations going below second-order at poles and icosahedral edges. 65 

Baumgardner and Frederickson (1985) obtained successful approximations on the sphere for a non-meteorological 66 

problem. Steppeler and Prohl (1996) obtained second-order solutions of the shallow water equations on the sphere 67 
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and proposed to transfer the approximation principles in Baumgardner and Frederickson (1985). However, the 68 

schemes proposed by Baumgardner and Frederickson (1985) and Steppeler et al. (2008) were not mass conserving. 69 

To combine high-order approximations on the sphere with mass conservation, finite element method (FEM) 70 

or other Local-Galerkin methods (LGMs) can be used (Marras et al. 2016). These methods are naturally conserving 71 

and provide a uniform order of approximation. FEMs divide the computational area into cells and use a polynomial 72 

representation in each cell to describe the fields. These polynomials can be defined by using several gridpoint values 73 

or collocation points for each cell (see Steppeler (1987) for a review). The collocation points are used for the field 74 

representation by interpolations in Galerkin methods. The number of collocation points must be sufficient high (e.g. 75 

order 2 or order 3) to define a polynomial of the requested order. In this study, we use continuous Galerkin (CG) 76 

methods where polynomials fit together continuously at cell boundaries (Taylor et al. 1997; Li et al. 2018). 77 

Differentiation of this field representation, to compute the right-hand side of dynamic equations will generally lead 78 

out of this continuous function system and create discontinuities at cell boundaries. A Galerkin method is used to map 79 

this again to the original function system. Standard time stepping procedures (e.g. Runge-Kutta time integration) can 80 

then be applied. The original Galerkin procedure involves the solution of a linear equation system, the mass matrix 81 

equation. Even though the mass matrix is often of band diagonal form (Cote et al. 1983), this solution may cause some 82 

problems on modern computers. Widely used methods to solve the matrix equation are recursive and the solution may 83 

have global impact in one time-step, even though the equation to be solved is local. On massively parallel computers 84 

this causes considerable problems, as typically a lot of communication is involved. Approximations to the original 85 

Galerkin procedure have been introduced, which make the method local and thus suitable for massively parallel 86 

computing. Such approximated or alternative Galerkin procedures are called Local-Galerkin methods. For a general 87 

outline of the LGM see Steppeler and Klemp (2017). Discontinuous field representations (DG methods) are used with 88 

a variety of LGMs (Cockburn and Shu 2001), but only CG methods are currently near practical use in realistic models. 89 

Spectral element methods (SEMs), using Gauss-Lobatto points to define the fields (Giraldo 2001) and the third-degree 90 

method (Steppeler, 1976) are examples for LGMs. Considerable progress has been achieved in this way to make high 91 

resolution atmospheric modeling possible. CG methods for weather models nearly exclusively use the SEM as LGM 92 

(Taylor et al. 1997), being based on the quadrature approximation, since alternative LGMs so far are used with toy 93 

models only. In this paper we use a special LGM called Implied Spectral Equations (ISE). With ISE, the definition of 94 

some spectral coefficients is implied by the principle of conservation (see details in Section 3). 95 
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Advantages of SEMs are that they combine an approximation order higher than two with conservation and 96 

are of uniform approximation order. The latter means that there exist no grid points such as poles in a global model, 97 

where the approximation order drops below a target value.  The uniform-order models mentioned above run on the 98 

original unsmoothed icosahedral grid on the sphere. SEM models on the sphere, such as Giraldo (2001), combine an 99 

approximation order above three with mass conservation. The SEM allows an approximation order higher than two in 100 

combination with conservation. Older high-order models, such as that of Kalnay et al. (1977) and Navon and Alperson 101 

(1978) were non-conserving. There are alternative possibilities with CG methods to obtain LGMs. Such a method was 102 

proposed by Steppeler (1976) which also employed the grid sparsity coming from serendipity elements (Ahlberg et 103 

al. 1967). The FEMs with higher than first degree polynomials use sparse grids to represent the fields in each cell. 104 

This means that some points of the full grid are omitted in each cell. Such elements with sparse grids are called 105 

serendipity elements. They are quite easy to implement with rectangular cells. Their implementation in hexagonal 106 

cells is less trivial, but the sparseness factors are larger. The sparse grids can be used in the same way with LGMs as 107 

with the original Galerkin procedure (Steppeler 1976).  108 

In an ordinary grid system, we call the regular grid the full grid where all the values of fields on the grid 109 

points are forecasted. With the sparse grid system, not all grid point values are forecasted, but rather a subset. The 110 

non-forecasted points can be computed diagnostically for plotting and other purposes, such as the interface to non-111 

atmospheric models or physical parameterizations. The sparse grids offer a potential saving of computer time. The 112 

forecasted grid points in the sparse grid systems form the dynamic grid. These are the points where the dynamic 113 

equations are solved. In the following sections, the fields in the hexagonal grid are stored on the full grid, where some 114 

points with indices are unused. On computers with many processors this is not optimal, as this may imply message 115 

passing for unused points. Therefore, it is desirable to number the points in such a way that no storage is provided for 116 

unused points which is called the compact grid representation. Appendix 1 defines a compact grid for hexagonal grids.  117 

In this study, we investigate the LGM o2o3 method with hexagonal cells. This method uses second-degree 118 

polynomials to represent the field in the cells and the numerical procedure is designed to become third-order by 119 

defining the fluxes as piecewise third-order splines. The LGM o3o3 investigated in Steppeler et al (2019) could also 120 

have been used and the definition of o3o3 on hexagons is discussed in the appendix. The o3o3 method would have 121 

more grid points on each hexagonal cell than o2o3. Therefore, o2o3 is easier to program which is the reason why o2o3 122 

was used for the first attempt in this paper. The application of o3o3 in the hexagon is discussed but not tested and 123 
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implemented in the appendix. We first illustrate the basic hexagonal grid and field representations in Section 2. Section 124 

3 outlines the governing equations and corresponding discrete FDM equations. Section 4 presents a series of idealized 125 

advection test cases with sparse grids. Finally, Section 5 presents a discussion and concludes this study. 126 

 127 

2. Definition of grids and field representation 128 

Fig. 1a illustrates the grid distribution to cover the computational domain which is divided by the hexagonal 129 

cells. The m, n grid is useful to define a Cartesian grid for the definition of the initial state and plotting. The assignment 130 

of the m, n to the hexagonal points can be seen from Fig. 1a. This is referred to as the Cartesian representation. Let s 131 

be the edge length of the hexagons so that the grid lengths are 1
2

dx s  and 
3

4
dy s . The Cartesian coordinates 132 

xm,n and ym,n of the hexagonal points are associated with each point m, n: m = 0, …, M; n = 0, …, N. 133 

 
, 1

2

           , for  even

,  for  odd
m n

mdx n
x

mdx dx n


 


 , (1) 134 

 ,m ny ndy  . (2) 135 

In the following it is assumed 1dx   and 
3

2
dy  . As seen from Fig. 1a for the full grids there is a one-to-one 136 

correspondence between hexagonal points and the m,n grid. However, though the computational domain can be 137 

separated by the hexagons, the gird points on the edges of the hexagons are shared by two, even three hexagons such 138 

that it is hardly to determine which hexagon the grid belongs to. 139 

 140 



 

 7 / 39 

 

 141 

Fig. 1 The hexagon grid distribution in the computational domain and the index system for the grid point. (a) The 142 

covering of the computational area by hexagonal cells and the non-intersecting elements  , ,k i j  indicating that 143 

every grid point is assigned uniquely to one element only: the solid black and white points are dynamic points and 144 

the dashed points are the unused diagnostic points. (b) The index system for every non-intersecting element  , ,k i j145 

with all dynamic (solid) and diagnostic (dashed) points. (c) The definitions of the grid points in every hexagon with 146 

collocation points and cell-related indices: the indices -6, -5, …, -1, 1, 2, …, 6 in the circles with bigger size are used 147 

for numbering the six triangles in each hexagon. 148 

 149 

In order to assign every grid point to only one computational element, we introduce a new index system 150 

and the corresponding non-intersecting element  , ,k i j  (the blue rectangles in Fig. 1) where the structured indices 151 

are i = 0, …, ie , j = 0, …, je and k (= 0, …, ke ) is the index pointing to a particular point. If ke = 23, then the grid is 152 
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regarded as the full grid system, including all the points numbering from 0 to 23 in one blue rectangular in Fig. 1b. If 153 

ke = 11, then the grid is regarded as the sparse grid system, including all black points numbering from 0 to 11 in one 154 

blue rectangular in Fig. 1b. For the sparse grid, the points numbering from 12 to 23 are unused diagnostic. Therefore, 155 

the grid points within non-intersecting element  , ,k i j   are designed for achieving the one-to-one correspondence 156 

and coding. The transformation between the indices  , ,k i j  and m, n is seen from Figs. 1a and 1b. Comparing the 157 

new index system  , ,k i j  (the light blue index) and the  m, n grid system (the black index) in Fig. 1a, every non-158 

intersecting element contains six m-points in the horizontal while four n-points in the vertical.  159 

To define a numerical scheme, it is necessary to have unique indices for each point which is shown in Fig. 160 

1b for the computer implementation. This can be naturally done using an unstructured gridding. Alternatively, any 3-161 

D model using unstructured indexing can be adapted to the hexagonal scheme. In this study, we use a sparse structured 162 

programming indexed by  , ,k i j  in 2-D. Therefore, the compact grid defines the sparse grid (ke = 11) without 163 

assigning memory storage to unused points which implies that a 3-D realization could be done using any structured 164 

3-D model as a basis. When using the Cartesian grid for the representation of the sparse grid, though half of the points 165 

m, n are unused, these grids still occupy a considerable proportion of the storage and message capacity with 166 

multiprocessing. It is a waste of computational resources and only acceptable for research models. 167 

To achieve a numerical scheme, it is important to design the field representation. In every element  , ,k i j168 

, there are two centers (k = 0 and 11) of the hexagons such that we discuss the field representations in two different, 169 

but similar hexagons with center points numbering k = 0 and 11 shown in Fig. 1c. In each hexagon, there are 19 points 170 

for potential use to define amplitudes for the field representation by second-degree polynomials. Solid points with 171 

indices k = 1, 4, 6, 8 in element  , ,k i j , k = 6, 8 in element  , , 1k i j  , k = 1, 8 in element  , 1,k i j , k = 1 in 172 

element  , 1, 1k i j   and k = 4 in element  , , 1k i j   are the corner points and points with indices k = 2, 3, 5, 7, 173 

9, 10 in element  , ,k i j , k = 7 in element  , , 1k i j  , k = 9 in element  , 1,k i j , k = 2 in element 174 

 , 1, 1k i j   and k = 3, 10 in element  , , 1k i j   are the edge points on the boundaries. Points with indices k = 175 

12, 13, 14, 15, 16, 17, 20, 21 in element  , ,k i j , k = 18 in element  , 1, 1k i j  , k = 22, 23 in element 176 
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 , 1,k i j  and k = 19 in element  , , 1k i j   is the interior points which can be used for the second-order full grid 177 

systems, not for sparse grid. Except for the center point k = 0, 11 in element  , ,k i j , all dynamic points are located 178 

on cell boundaries. In order to obtain the field representation by polynomials, interior points will be defined 179 

diagnostically using dynamic amplitudes. 180 

Since the corner and edge points on boundaries of hexagons belong to more than one hexagon, the weights 181 

of center, edge, corner and interior points shared in each hexagon are 1 1
2 3

1, , ,1  in 2-D hexagonal grid such that the 182 

number of independent amplitudes in each hexagon is 1 1
2 3

1 1 6 6 1 6 12        (Fig. 2a). In this study, as a 183 

sparse grid is used, we will not use the dashed interior points as dynamic points. These points are shown in Fig. 2a 184 

and not shown in Fig. 2b. Dynamic points for this sparse grid system are solid points. When going to a sparse grid 185 

system, the potential saving of computer time due to sparseness is 1:2 in 2-D (Fig. 2a) under the assumption of the 186 

same timestep and the CPU time per dynamic point for both cases. In 3-D hexagonal box (Fig. 2b), there are two 187 

layers (the bottom and middle layers) containing different numbers of dynamic point. The bottom layer contains six 188 

corner, one center and six horizontal edge points with the weights of 1 1
3 2
,1, , while the middle layer contains six 189 

vertical edges, each shared by three boxes and the center point. Therefore, the middle layer contains 1
3

6 1 3    190 

dynamic points and the full grid points are for the middle layer the same as for the bottom layer which means the 3-D 191 

sparseness factor is 9:24 (3:8). 192 

 193 
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 194 

Fig. 2 2-D (a) and 3-D (b) hexagonal grid box where the red, black and blue points are center, corner and edge 195 

points. The white dashed points in (a) are the interior (unused) points which do not show in (b). 196 

 197 

In this study, basis functions used for the field representation can be first- and second-order in each triangle 198 

respectively. In the following, we set one triangle in the element  , ,k i j  as an example with numbered corners 199 

0, , 4, , 6, ,, ,i j i j i jr r r . The distribution of triangles and corner and edge points between the hexagonal cells can be seen in 200 

Fig. 3. Note that the amplitude of the field for each point belongs to more than one triangle and one hexagon: each 201 

corner amplitude belongs to one hexagonal cell if it locates at a center point 
0, ,i jr  and to three hexagonal cells if it 202 

locates at hexagonal corner point 
4, , 6, ,,i j i jr r . An edge amplitude belongs to two hexagons and two triangles when it 203 

locates at edge points 
5, ,i jr . As seen from Fig. 3, there exist edge points 

15, , 16, ,,i j i jr r  for two triangles, which are 204 

interior points of a hexagon, meaning that they are triangular edge points, but not hexagonal edge points. From Fig. 205 

3, these relations become clear. 206 

 207 
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 208 

Fig. 3 The first-order and second-order basis functions defined in one triangle within a hexagon centered at point 209 

0, ,i jr  for field representation. 210 

 211 

The triangular amplitudes are defined at corners: 
0, , 4, , 6, ,, ,i j i j i jr r r  and edges 

5, , 15, , 16, ,, ,i j i j i jr r r , where 212 

     1 1 1
5, , 4, , 6, , 15, , 0, , 4, , 16, , 0, , 6, ,2 2 2

, ,i j i j i j i j i j i j i j i j i j     r r r r r r r r r . The corner points determine the linear 213 

basis functions  e r (Figs. 3b and 3d). We provide the basis functions for the case of irregular triangles, even though 214 

we use only the regular case in this paper. Without loss of generality, we give the basis function belonging to corner 215 

point 0, ,i jr  and edge point 0, ,i j


r  defined at  1

0, , 4, , 6, ,2i j i j i j

  r r r . The unit vector of the mid-line combining 216 

corner point 0, ,i jr  and edge point 0, ,i j


r  is defined as 

0, , 0, ,

0, ,

0, , 0, ,

i j i jm

i j

i j i j










r r
n

r r
 and the unit perpendicular vector is 217 

defined as 
6, , 4, ,

0, ,

6, , 4, ,

i j i js

i j

i j i j






r r
n

r r
. We introduce the local coordinates  ,  for each triangular corner as a non-218 

orthogonal coordinate: 219 
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 0, , 0, ,

m s

i j i j  r n n   (3) 220 

and define the linear corner basis function 
0e  at corner point 0. .i jr  as 221 

     2
0 0 3

, 1e e     r   (4) 222 

Therefore, each corner point defines a linear basis function  e r  inside the triangle while outside the triangle, these 223 

linear basis functions are defined to be zero. This linear basis function, belonging to corner point 
0, ,i jr  is the linear 224 

function being 1 at 
0, ,i jr  and 0 at 

4, , 6, ,,i j i jr r .  225 

Three second-order basis functions are associated with the edge points 
5, , 15, , 16, ,, ,i j i j i jr r r  in the triangle. 226 

Without loss of generality, we assume that the center of coordinates is at 
0, ,i jr , meaning 

0, , 0i j r , for the definition 227 

of this basis function. We define one of the second-order basis functions as  2

,p gb r , which is associated with the 228 

edge point  1
4,6, , 4, , 6, , 5, ,2i j i j i j i j  r r r r  (Figs. 3c and 3e). Then we define 4, ,i j


r  and 6, ,i j


r  to be a set of vectors 229 

orthogonal to 
4, ,i jr  and 

6, ,i jr . Therefore, the second-order basis function in this triangle is set as: 230 

  
 

  

2

,2

,

4, , 6, ,

p g

p g

i j i j

b
b




r
r

r r r r
 , (5) 231 

where  
  4, , 6, ,2

,

Δ with corner points 4,6 in hexagon centered at point 0 

outside Δ with corner points 4,6

,

0,

i j i j

p gb

 
  



r r r r
r , the dot between two vectors 232 

indicates the dot product and    2 2

, 4,6, , , 5, , 1p g i j p g i jb b r r . Note that all basis functions defined above are 233 

discontinuous. If, however, all basis functions belonging to the same corner or edge point are summed, the result will 234 

be a continuous basis function. From this follows, that using all corner and edge amplitudes and summing over all 235 

basis functions will result in a continuous field. 236 

Now let the field  h r  be given at all corner and edge points of the hexagonal grids. We give the 237 

representation formula for triangular amplitudes. For a hexagonal grid, let the corner point amplitudes be 
, ,p i jr  and 238 
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the edge amplitudes be 
, , ,p q i jr . Note that edge points and edge amplitudes are defined only if 

, ,p i jr  and 
, ,q i jr  are 239 

immediate neighbours. Then we have the general form of the field representation for  h r  in the hexagonal grid 240 

with center point 0: 241 

      2

, ,

six Δs in one hexagon ,  are neighbours

p p p q p g

p p q

h h e h b
 

  
 

  r r r  , (6) 242 

where ph  is the corner amplitude and ,p qh  is the edge amplitude. Eq.(6) means that the field is determined by 243 

corner amplitudes ph and edge amplitudes ,p qh , where the corner and edge amplitudes are all dynamic points and 244 

the six interior amplitudes are determined by the surrounding amplitudes on the boundaries and the center of the 245 

hexagon. Alternatively, there is another intuitive representation of the field  h r which is defined as: 246 

              
9 17 8

, , , , , , , , 1 ,
six Δs in one hexagon 0 12 6

c c c

p p pp i j p i j p i j
p p p

h h e h e h e
   

  

 
   

 
   r r r r  , (7) 247 

where    
 

, , ,

& , , ,  see in Tab. 11,

0, else

c

p i j

p i j
e



      


r
r  are the characteristic basis functions for each 248 

point and each triangle in the hexagonal grid with center point 0 (see (p, Δ) in Tab. 1). This is hardly used for program 249 

implement while is convenient and intuitive to understand how to represent the field. Once the triangles and grid 250 

points in one hexagon meet the conditions of the combination in Tab. 1, the value of the basis function    , , ,

c

p i j
e


r  251 

can be determined. 252 

 253 

Table 1 List of triangle numbers Δ belonging to a grid point p meaning that basis function 
   , , ,

c

p i j
e


r  is equal to 254 

one being different from zero. 255 

Point 

p 

Triangle number Δ Point p Triangle number Δ Point p Triangle number Δ 
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0,i,j 
(0,i,j),1 & (0,i,j),2 & (0,i,j),3 & 

(0,i,j),4 & (0,i,j),5 & (0,i,j),6 

1,i,j (1,i,j),1 & (1,i,j),6 2,i,j (2,i,j),1 

3,i,j 
(3,i,j),3 4,i,j (4,i,j),3 & (4,i,j),4 5,i,j (5,i,j),4 

6,i,j 
(6,i,j),4 & (6,i,j),5 7,i,j (7,i,j),5 8,i,j (8,i,j),5 & (8,i,j),6 

9,i,j 
(9,i,j),6 12,i,j (12,i,j),1 & (12,i,j),6 13,i,j (13,i,j),1 & (13,i,j),2 

14,i,j 
(14,i,j),2 & (14,i,j),3 15,i,j (15,i,j),3 & (15,i,j),4 16,i,j (16,i,j),4 & (16,i,j),5 

17,i,j 
(17,i,j),5 & (17,i,j),6 6,i,j+1 (6,i, j+1),2 & (6,i, j+1),3 7,i,j+1 (7,i, j+1),2 

8,i,j+1 
(8,i, j+1),1 & (8,i, j+1),2     

 256 

Note that the amplitudes of interior hexagonal edge points are diagnostic which means that the interior 257 

points in the hexagon are unused in the sparse grid scheme. However, unused points can be interpolated to achieve a 258 

full grid, which can be used for plotting, if one does not want to go for this purpose to the Cartesian representation. 259 

The interpolation of unused points from dynamic points results in smooth plots of fields. If the unused points are filled 260 

with the value of zero, the grid structure can be seen in Fig. 4 which shows a plot of a part of the field on the used 261 

points, when the field is defined zero on the unused points. The hexagonal structure becomes visible, with the corners, 262 

edges and centers showing local maxima, providing a good indication of the hexagonal cell boundaries. According to 263 

Fig. 4, the small hexagons inside the large ones are those where the points are unused for dynamics and put to values 264 

of zero. 265 

 266 
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 267 

Fig. 4 A schematics of the field using unconventional plotting. (a) The field and the field shifted to the right 268 

(only the used points are shifted to the right). The amplitudes at the unused points remain at their original position. 269 

This way of plotting shows fields which add up to a smooth function, if the right part of (a) is shifted to the left again. 270 

The right and left parts of (a) are like the positive and negative of a picture. (b) shows the details of a part of the field 271 

in (a) marked with a black rectangle. As the amplitude of unused points is set to zero, the hexagonal grid structure 272 

becomes visible. 273 

 274 

3. The construction of finite difference formula 275 

The principle of Galerkin method is to represent fields piecewise as polynomials. By using a number of 276 

collocation grid points within each element, the o2o3 discretization on hexagonal cells can be written as a FDM 277 

scheme based on the structured index  ,i j  as indicated in Fig. 1. For the sparse grid scheme, only half of points (the 278 

solid black grid points shown in Fig. 1c) are used, which demonstrates that a compact data structure is possible which 279 

may turn to be handy for realistic applications. Different from the ordinary FDM schemes where the same form of 280 

schemes is used in different elements, these schemes use different FDM equations for the collocation points indexed 281 
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by k in each element  , ,k i j  and the formula for the different k have to be programmed each differently. However, 282 

for the same k and different  ,i j  in Fig. 1c, the FDM schemes are analogous.  283 

In the present paper, a new LGM, implied spectral equation (ISE), is used in which mass conservation in a 284 

center point is used to define the corresponding spectral amplitudes, while other amplitudes on the edge and corner 285 

points are provided by any high-order FDM scheme with the target order. If all amplitudes of all points in a hexagon 286 

except the center point are computed, the balance equation for the amplitude at the center point can be written as an 287 

equation for the time derivative of the center amplitude. This is analogous to the procedure used with the o3o3 scheme 288 

(Steppeler et al. 2019). This mass balancing ISE method, known from SEM described by Steppeler (1987) for a large 289 

range of LGMs will be used to achieve mass conservation when using the quadrature approximation. This means for 290 

our method of hexagons that mass conservation needs to be a consideration only for the center point whilst other 291 

points can be treated by differentiating along straight lines. It will be shown in the following that how the principle of 292 

mass conservation allows to compute the time derivative of the spectral amplitudes at center point which is then 293 

transformed to gridpoint space to obtain a conserving scheme. The FDM schemes used may not refer to the spectral 294 

representation and will normally use points on a straight line for efficiency. A minimum of one implied spectral 295 

amplitude is sufficient to obtain an overall mass-conserving scheme.  296 

In details, we use the advection equation 297 

 t x yh u h v h       , (8) 298 

as a test where ,u v  are assumed to be constant and , ,t x yh h h    indicates the differentiation of variable h with 299 

respective to t (time), x and y (location). 300 

Most derivatives used to compute the divergence are obtained by differencing along lines and taking 301 

directional derivatives. Let  ,x y

l l ln nn  be any unit vector along a line l. The l-directional derivative of a function 302 

 lh l r n  is defined as: 303 

      , ,x x x y y y x x y y

l l l x l l l y l lh l n h r l n r l n n h r l n r l n              r n  , (9) 304 
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where  ,x yr rr  is the position vector of the corresponding point and l is the differential length along the unit 305 

vector nl direction. In the following, it is assumed that l = 1, without loss of generality and take  1,0l n  and u = 1 306 

as an example. Therefore, Eq. (8) becomes  307 

 
t x xh u h h      , (10) 308 

where the advection is homogeneous with a constant velocity field. Note that if we have calculated the FDM formula 309 

for 
xh , we can obtain the FDM formula for 

th  and vice versa. For our simple example the time derivative is the 310 

space derivative. 311 

According to Fig. 1c, the first-order directional derivatives at edge points 2, 3, 5, 7, 9, 10 will be called 312 

   , , , ,t l k i j x k i jh h h    r r  and for example k = 7 in Fig. 1c is computed by: 313 

      7, , 6, , 8, ,x i j i j i jh h h  r r r  , (11) 314 

which is given to compute flux divergences or derivatives in x- and y-directions in edge points.  315 

The second-order derivative 
2

7, ,x i jh    at point k = 7 in Fig. 1c is computed by: 316 

         2 1
7, , 7, , 6, , 8, ,2

8x i j i j i j i jh h h h     
 

r r r r  . (12) 317 

For the third-order derivative at the same point we define: 318 

          3 7 1
7, , 6, , 8, , 11, , 11, 1,16 48x i j i j i j i j i jh h h h h 

       
   

r r r r r  . (13) 319 

For the other edge points, the formula is analogous.  320 

A third-order accurate formula for the directional derivative along the line l between the points 8 and 6 in 321 

Fig. 1c is: 322 

          2 2 3 3

7, , 7, , , 7, , 7, , , 7, ,l x i j x i j i j i j x i j i j i jh h h w h w     r r r r r  . (14) 323 

where
2

,i jw  and 
3

,i jw  are the weight coefficients and    2 2

7, , , 7, , 0x i j i j i jh w r r . 324 

The derivations Eqs. (11)-(14) use the relations between third-, second- or first-order derivatives along 325 

straight lines combining points 8 and 6. Coordinate lines can be arbitrarily tilted to each other, but for the success of 326 

this method, it is necessary that some pieces of the lines are not curved, so that numerical differentiation along the 327 
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lines is possible. The equations may appear rather difficult (see a considerable simplification and details in Appendix 328 

1). The third-order derivative is obtained from point 7 in Fig. 1c and four more points being on a straight line. For 329 

practical modelers, it may be easier to differentiate in third-order approximation along this line, for which five points 330 

are sufficient. Unfortunately, the points are irregular, as the two points out of the hexagon have three times the distance 331 

from the center point k = 7 as the two interior points k = 6 and 8. Therefore, if weights for irregular differentiation are 332 

obtained numerically, the rather complicated derivations above could be replaced by simple finite differences on 333 

irregular grids on lines which are not necessarily in x- or y-directions. For example, the high-order derivative computed 334 

in Eq. (11) is obtained by 335 

            7, , 1 11, , 2 6, , 3 7, , 4 8, , 5 11, 1,x i j i j i j i j i j i jh w h w h w h w h w h      r r r r r r  , (15) 336 

whose indices are taken from Fig. 1c. The weights 
1 2 3 4 5, , , ,w w w w w  are obtained numerically for l = 1 as 337 

1
1 48

w   , 9
2 16

w  ,
3 0.0w   , 9

4 16
w   , 1

5 48
w  . The numerical procedure can also handle the more irregular 338 

case, which would appear for discretizations on the sphere. It is in principle possible to compute fluxes in x- or y-339 

directions by using just two directional derivatives (see below). This was done by Steppeler et al. (2008) where the 340 

stability was achieved because the directional derivatives were taken as centered differences. 341 

Here we have three directional derivatives available at corner points 1, 4, 6, 8. At corner points, as the 342 

derivatives are one-sided, an average of all three directional derivatives will be needed generally to have the chance 343 

of a stable scheme. To have a guide for the averaging of derivatives at corner points, infinitesimal control volumes are 344 

used. Fig. 5 shows a FDM stencil at a corner point. It could be identical to the stencil with target point 4 in Fig. 1c. A 345 

heuristic consideration is done to obtain reasonable weights for averaging the derivative at the target point 4. We 346 

define the directional vectors as ,k tg k tg n r r   (here, k denotes one of three points linked to the target point tg=4,i,j,  347 

see Fig. 5) and the corresponding directional derivative
,k tg tghn  at the target point tg. We can obtain three directional 348 

vectors 1, 1, ;4, , 1, 1, 4, ,i j i j i j i j  n r r , 6, , ;4, , 6, , 4, ,i j i j i j i j n r r , 6, , 1;4, , 6, , 1 4, ,i j i j i j i j  n r r  observing in Fig. 5. 349 

Here we describe the x-direction advection equation. The y-direction is treated in an analogous way. Then, we obtain 350 

the integral of the flux  4, ,i jfl r  through the surface in Fig. 5: 351 
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 ∮ 𝑓𝑙(𝒓4,𝑖,𝑗)Ω4
   

       
, ', ';4, ,

1
4, , , ', ';4, ,3

, ', ' 6, , 1 , 6, , , 1, 1,
k i j i j i j k i j i j

k i j i j i j i j

d h S

  

     
  n

n s r n i  , (16) 352 

where the surface integral is taken over the triangle 
4  with the size of 

23
44

=S s  and n is the unit vector orthogonal 353 

to the boundary of the triangle 
4  (Fig. 5). 354 

For the x-derivative 
4xd h   we obtain: 355 

 4, ,x i jh r
∮ 𝑓𝑙(𝒓4,𝑖,𝑗)𝒏·𝑑𝒔Ω4

𝑆Δ
     

1, 1, ;4, , 6, , ;4, , 6, , 1;4, ,

1 1 1
4, , 4, , 4, ,3 2 2i j i j i j i j i j i ji j i j i jh h h

 

      
 n n n

r r r  356 

, (17) 357 

where the area of the triangle  S , 1, 1, ;4, , 1i j i j  n i , 1
6, , ;4, , 6, , ;4, , 2

cos120i j i j i j i j     n i n i  and 358 

1
6, , 1;4, , 6, , 1;4, , 2

cos 210i j i j i j i j      n i n i . The other corner points and y-derivatives are obtained by 359 

analogous formula.  360 

 361 

 362 

Fig. 5 Infinitesimal control volume: the computation of x- and y-derivatives from directional derivatives along cell 363 

edges. 364 

 365 

We aim for a third-order approximation and therefore any third-order FDM scheme may be used. So far, we 366 

have defined FDM schemes for all collocation points being on the boundary of a hexagon. Using the points on the 367 

grid boundary, the flux around the surface of the hexagon into the grid is equal to the time derivative of the mass 368 
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inside the grid. The corner and edge amplitudes were obtained by above high-order FDM schemes for the hexagon. 369 

The approximation for the center amplitude will be then obtained by requiring mass balance. The center amplitude 370 

will be chosen in such a way that the time derivative of mass is consistent with the flux though the boundary. Mass 371 

conservation defines the implied amplitude uniquely.  372 

We set the center point indexed k = 0 in the element  , ,k i j  as an example. For any point x, y inside the 373 

hexagon with center  0, ,i j , we have the piecewise quadratic representation using the basis functions defined in 374 

Section 2. The sum given in the following formula represents the field limited to the chosen hexagon. Using the 375 

collocation basis defined in Eq. (6), the field representation for the chosen hexagon with center  0, ,i j  is : 376 

         

6 9 6 8 6 17 6

0 0, , , , , , , , 1 , , , ,
1 1 1 6 1 12 1

c c c c

t t t k t k t ki j k i j k i j k i j
k k k

h h e h e h e h e
    

      

               r , (18) 377 

where t kh  for k = 12, 13, …, 17 are diagnostically determined by the dynamic points  k = 0, 1, …, 9 in the element 378 

 , ,k i j  and k = 6, 7, 8 in the element  , , +1k i j . Note that except 
0th  in Eq. (18), all other amplitudes 

t ih  have 379 

already been computed. Therefore, it can easily be solved for 
0th . Let 

   
6

0

, , ,
1

c

k k i j
m e dxdy




 r be the mass 380 

of the collocation basis functions, as for the time derivative of mass 
t tM h dt     of 

th  inside the chosen 381 

hexagon we obtain: 382 

      

9 8 17
0 0 0

, , , , 1 , ,
0 6 12

t t k t k t kk i j k i j k i j
k k k

M h m h m h m


  

          , (19) 383 

where the 
0

km  is the mass contained in the characteristic basis functions: 
     

6
0

, , , , ,
1

c

k i j k i j
m e dxdy




 r  for k = 384 

 ̶  6, …, 12. 
t M  in Eq. (19) is known from the flux balance equation. Let  fl r  be the flux of field h at the center 385 

point k = 0. Then, the surface integral of the flux is equal to 
t M : 386 

 ∮ 𝑓𝑙(𝒓)
Ω0

0 td M  n s  , (20) 387 
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where the surface integral is taken over the boundary 
0  which are the edges of the hexagon and n0 is the unit vector 388 

orthogonal to the hexagonal surface. Combining Eqs. (18)-(20), the only unknown
0th  can therefore be solved. 389 

The hexagonal example described above may be better understood by a 1-D example, which is given in the 390 

following: 391 

Consider the 1-D homogeneous advection equation 
t xh h   . The grid is 31

2 2
0, ,1, , 2,... . The basis 392 

functions are defined in Eqs. (3)-(5). The grid is the interval  1,i ix x   where i = 0, 1, 2, 3, …. The time derivative 393 

of the mass inside  1,i ix x   is the flux difference. 394 

Let the field h(x) be defined by 395 

      1
2

2

i i i i
i

h x h e x Ab x


    (21) 396 

with  ie x being the piecewise linear function being 1 at point ix x  and being 0 at all other points (397 

 1 1,i ix x x  ),    
2

1
2

2 21
2 4

ds

i
b x x


   where ds is the distance of a cell interval, Ai is the spectral amplitude 398 

belonging to the basis  2 3 51
2 2 2

, , , ,...ib x i  . The integral of b2(x) is 31
12

ds . The integral of the linear basis 399 

functions is 1
2

ds . The surface flux difference is  1i ih h   (i = 0, 1, 2, …). Then, Eq. (21) becomes: 400 

     31
1 12 12

t i

t

A

i i ti ih h h h ds ds 


        (22) 401 

As  2 21
8

0b ds   and    1
2

21
12

0t t t i ti ii
h h h Ab

   , we have 402 

    1
2

3 1
1 12 4it t ti i idsi

h h h h h 
       (23) 403 

In Eq. (23) 
ith  can be chosen arbitrarily and we use: 404 

    1 1
2 2

1 12
a b

i i id dsi it s
h h h h h  

      (24) 405 
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where coefficients a and b are defined in Steppeler et al. (2008). 406 

            Eqs. (23) and (24) are a 1-D version of the o2o3 scheme used with the hexagon. This is the scheme defined as 407 

the o2o3 scheme in Ahlberg et al. (1967) without any tests.  408 

 409 

4. Advection experiments 410 

The aim of these advection experiments is to demonstrate that the sparse SEM describes the process properly. 411 

This means that the accuracy expected from the third-order discretization scheme is achieved and that the results do 412 

not indicate a serious shortcoming due to the sparseness. This should also be the case for marginal resolution. Second- 413 

and third-order LGMs were proposed and used on squares in Steppeler (1976). In this study, the LGM operation has 414 

further implemented on hexagons. We want to confirm that the methods presented here give results of about similar 415 

quality. 416 

Before the initialization of the advection test, we list the steps of the time loop for further explanation of 417 

LGM. 418 

 Compute directional derivatives at corner and edge points (k = 1, 2, …, 9 in the element  , ,k i j  and 419 

k = 6, 7, 8 in the element  , , +1k i j  in Fig. 1c) 420 

 Compute time derivatives at dynamic corner and edge points (k = 1, 2, …, 9 in the element  , ,k i j  421 

and k = 6, 7, 8 in the element  , , +1k i j  in Fig. 1c). At the corner points (k = 1, 4, 6, 8 in the element 422 

 , ,k i j  and k = 6, 8 in the element  , , +1k i j  in Fig. 1c), average the three directional derivatives 423 

of the lines meeting here 424 

 Perform ISE LGM at center points (k = 0 in the element  , ,k i j of Fig. 1c) 425 

 Perform fourth-order Runge-Kutta (RK4) time stepping in gridpoint space 426 

No transformation of spectral coefficients to grid point space is necessary, as the grid point at the center (k = 427 

0) is both spectral coefficient and spectral amplitude. Spectral coefficients which are different from gridpoint values 428 
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occur only at edge amplitudes (k = 2, 3, 5, 7, 9 in the element  , ,k i j  and k = 7 in the element  , , +1k i j  in Fig. 429 

1c). 430 

Now we perform the advection test. For the experiments done here, we assume the side length s of the 431 

hexagon to be s = 2. Fig. 6 gives the result of advection for a computational domain of 400 * 600 grid point where 432 

1dx   and 
3

2
dy   between every two points, and the timestep dt is 1.0 s with ninety timesteps. The components 433 

of advection velocity u and v are (1, 1) for the first thirty timesteps, (0, -1) for the second thirty timesteps and (-1, 0) 434 

for the last thirty timesteps. In order to obtain a solution where the initial field is reproduced after ninety timesteps, 435 

this velocity field is changed in time. In Fig. 6, thirty timesteps are done between plots and the plots are produced to 436 

show the sparse grid structure. The unused points are assigned a time derivative of zero. The initial values are shown 437 

in Fig. 6a and are given by: 438 

      00

22

, , , exp
h hh h
ji

mid mid

y yx xh h h h

i j i j i j dx dx
x y 

 
    

 
 , (25) 439 

where ,

h

i j  is the density of the tracer,  ,h h

i jx y  is the location of the density,    0 0, 110,65h hx y   is the initial 440 

location of the density and 
middx  is the radii of the density. In Steppeler and Klemp (2017), it was determined by 1-441 

D experiments that for 8middx   the second-order FDM scheme based on centered differences used there produced 442 

reasonable dispersion-free results, whereas heavy dispersion occurred for smaller values of 
middx . Since the third-443 

order approximation is used in this study, we may expect to obtain a reasonably dispersion-free results for 4middx 444 

.  445 

Fig. 6a shows the initial values for 4middx  . This is the same resolution as used in Steppeler and Klemp 446 

(2017). Of course, we may have better dispersion properties because using the third-order method. In Fig. 6a, Eq. 447 

(25) was used to compute all twenty-four points (twelve dynamic points and twelve unused points) for each  ,i j . 448 

Note that according to Fig. 1, the discretization group of points has twelve dynamic points and twelve diagnostic 449 

points which all are independent. These are more than the points belonging to a hexagon, as the discretization group 450 

is larger than one hexagon, as seen from Fig. 1. These plots are done using the NCAR Command Language (NCL) 451 

package. NCL is able to plot irregular distributions of amplitudes, as may occur with hexagonal grids. This way of 452 
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plotting is called unconventional plotting. When by advection the structure is moving away from its initial position, 453 

unconventional plotting will make the hexagonal grid visible. Initial values at the unused points always remain visible. 454 

When the structure has moved away from its initial position this means that the unused points have amplitude 0, at the 455 

position of the structure and at the position of the initial field we see a negative picture of the solution, showing the 456 

values according to Eq. (25) at the unused points. 457 

 458 

 459 
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Fig. 6 The advection results with time varying velocity field for 4middx  . The initial value of the density field is 460 

shown in (a). The advection results at thirty steps, sixty steps and ninety steps are shown in (b)-(d). In (b) and (c), 461 

the values of the density field are the initial one at the left-hand side and the numerical result at the right-hand side. 462 

The values of the field are set as 0 at the unused points where sparse grids are revealed. (e) is the results at thirty 463 

steps except that the field for dynamically unused points is interpolated from the dynamic points. In this way, the 464 

decrease of the maximum due to numerical dispersion can be seen. As expected for a third-order method, this 465 

decrease is not to be noticed for a transport of 30 s. 466 

 467 

We use the RK4 scheme for time stepping with dt = 1. Note that the RK4 time scheme with spatial centered 468 

differences has a Courant-Friedrichs-Levy (CFL) stability condition of 2.8. Together with geometric considerations 469 

given by Steppeler and Klemp (2017), the CFL condition for o2o3 will be 0.75Ⅹ2.8. The fourth-order spatial 470 

differencing in comparison with lower order centered differences leads to a smaller CFL condition (see Durran 2010). 471 

This leads to an estimate of the CFL number 1.4.  Therefore, we may expect a stable solution using a timestep dt = 1. 472 

We use thirty timesteps with u = 1, v = 1, thirty timesteps with u = 0, v =  ̶ 1 and thirty timesteps with u =  ̶ 1, v = 0. 473 

After this the analytic solution is identical to the initial values. Experiments with varying timesteps confirmed this 474 

estimate. 475 

The result is shown in Figs. 6b–6e. The result shown in Fig. 6d have a slight difference from Fig. 6a by a 476 

small numerical error. However, the plots given in Fig. 6b do not easily allow to see this, as the field is plotted on the 477 

sparse grid. Fig. 6e is the same as Fig. 6b, but plotted on the full grid, where the points unused for dynamics are 478 

interpolated. The unused points for Fig. 6d are not interpolated.  They have the values they had in the beginning, as 479 

the structure has reached the initial position again. The two parts of the field combine to give a smooth structure which 480 

allows to see an eventual change of maximum due to a dispersion.  481 

 482 
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 483 

Fig. 7 The advection results with time varying velocity field for a larger scale field ( 8middx  ). (a) is the advection 484 

results at sixty steps where the values of the density field are the initial one at the left-hand side and the numerical 485 

result at the right-hand side. The values of the field are set as 0 at the unused points where sparse grids are revealed. 486 

(b) is the results at ninety steps except that the field for dynamically unused points is interpolated from the dynamic 487 

points. In (d) no interpolation is used, as the structure has been back to its initial place where the two parts of the 488 

field combine to give a smooth structure. (e) corresponds to (b) and contains the interpolation of the unused points.  489 

 490 

Figs. 7 and 8 show the same advection tests with a different 
middx  for the initial density in Eq. (25) where 491 

8middx   and 1middx  . Figs. 7a–7b show only the last two steps for a smooth solution. The error in reproducing 492 

the initial field is reduced. Fig. 8 is the same for a small-scale field, which also reasonably reproduces the initial field. 493 

The prediction of a very small-scale field is shown in Fig. 8. To indicate the small resolution, the hexagonal grid points 494 

are shown in Fig 8. It is clear that in each linear cross section there are very few points supporting the structure, but 495 

the 2-D grid provides more points. In Appendix 1, we investigate the resolution of plane waves in the hexagonal grid 496 

in comparison with a square grid. It is shown in Appendix 1 that plane waves in the hexagonal grid are better resolved 497 

than in square grids. 498 

 499 
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 500 

Fig. 8 As Fig. 7, for a small-scale field ( 1middx  ), which represents a rather poor resolution. The red points in (c) 501 

and (d) carry amplitudes and possess small isolines which are covered by the red dots and a little black shadow is 502 

seen.  503 

 504 

Then, we conducted another advection experiment where the components of advection velocity u and v are 505 

(1, 0) and the initial density field is defined as follows:  506 
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 , (26) 507 

which is used to test the sensitivity of the new LGM scheme. The density field is constructed to have sharper contours 508 

and is nearly the characteristic function of a rectangle with slightly rounded contours. The timestep dt is 1.0 s with 509 

210 timesteps while all other parameters share with the previous advection experiments. The advection in x-direction 510 

is shown in Fig. 9 which shows that the hexagonal grid is able to handle strong gradients. A standard way of plotting 511 

is used, interpolating the unused amplitudes from the dynamic points.  512 

 513 
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 514 

Fig. 9 Advection of a field with strong gradients of a transport over 210 dx (dx = 1) by an integration of 210 515 

timesteps. The center of the initial tracer is located at (70, 220) and the other two results show the tracers at t =105 s 516 

and t = 210 s. The deformation of the field by dispersion is small.  A standard way of plotting is used, interpolating 517 

the unused amplitudes from the dynamic points.  518 

 519 

The scale of the structures used in the hexagonal grid was determined from 1-D experiments. The initial 520 

values were such that a small reduction of amplitude due to dispersion was presented. The same choice as in Steppeler 521 

and Klemp (2017) was used. We investigate this by using a 1-D version of a o2o3 scheme. For comparison, we plot 522 

the result of the second-order spectral element method (SEM2, Taylor et al 1997) which is known to converge in 523 

second order. A convergence test was done by computing the 1-D advection while systematically changing the 524 

resolution. The parameters are the same as the experiments in Fig. 6 except the resolution dx. The results are shown 525 

in Fig. 10. The resolution was changed systematically starting to 0.25 of the resolution used in Fig. 6 to four times this 526 

resolution. The errors, using the maximum norm, are given as Fig. 11.  The convergence as seen in Fig. 11 is certainly 527 

third and appears to reach fourth order by super-convergence, which is observed also with SEM3 methods. From Fig. 528 

11, it can be seen that the high-order scheme at poor resolutions retains a rather high level of accuracy. The level of 529 

accuracy seen with the diagrams for the highest resolution is certainly more than needed in practice. For practical 530 
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purposes, it is less important how accurate a scheme is at very high resolutions, but rather, how soon a reasonable 531 

accuracy is obtained. 532 

 533 

 534 

Fig. 10 The advection over fixed 30 unit lengths for different resolutions. (a) dx = 1.0, (b) dx = 0.5, (c) dx = 0.25 and 535 

(d) dx = 0.125. 536 

 537 
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 538 

Fig. 11 Maximum error norms (dotted scatters) of third-order sparse SEM for different resolutions, starting from 539 

minimum resolution of dx = 0.03125 and doubling it by factors 2, 4, 8, 16, 32. The  other three lines are the second-540 

order (dotted), third-order (solid) and fourth-order (dashed) convergences for comparison. 541 

 542 

5. Conclusions 543 

Some simple experiments show that advection using sparse hexagonal grids is possible in third order with a 544 

piecewise quadratic polynomial representation. Using the o2o3 LGM, the 2-D sparse grid used only half the number 545 

of grid points as the full grid, meaning six points per cell against twelve points. The particular mapping of the cells 546 

and grid points to a structured i, j grid turned out to lead to a rather complicated computer program, which may be 547 

difficult to develop to further applications. Future developments will depend on defining a more convenient numbering 548 

of cells and grid points (see details in Appendix 1). 549 
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Appendix 1 A system of indices for second-order hexagonal cells creating a compact grid 623 

representation and the 1-D grids for plane waves 624 

This appendix introduces an alternative system of indices to that used in Sections 2 and 3. The grid is shown 625 

in Fig. A1 and it differs from Fig. 1 by assigning different numbers to the points. Each point has two indices i and k, 626 

where i indicates the hexagon and k indicated the position of a point within the hexagon. k = 0 indicates the center 627 

point of the hexagonal cell. The index i can be a structured index i = (i’, j’) (i’, j’ = 0, 1, 2, 3, …) or unstructured. The 628 

structured case is shown in Fig. A1, where the grids and their center points are indicated by the double index (i’, j’). 629 

The advantage of a structured grid notation is that neighboring grids are always known. For example, in Fig. A1 the 630 

cell (i’, j’+1) is always above the cell (i’, j’). Our definition can also be applied to the unstructured grid case. In the 631 

unstructured case a list is needed indicating the six neighbouring hexagons to the hexagon i. The grid based compact 632 

grid pointed out in the following can be used with structures and unstructured index i, where Fig. A1 refers to the 633 

structured case i = (i’, j’). 634 

 635 

 636 

Fig. A1 As Fig 1 except that with new indices creating a compact grid. Black points and points with thick circles are 637 

dynamic points, those with thin circles are diagnostic points. The points shown in black are the points for compact 638 

representation. They do not belong to any other hexagon and each dynamic point appears as a compact point of 639 

some hexagons. 640 

 641 

Let the side length of the hexagon be s. For the corner nodes 
,i kr  (k = 1, 3, 5, 7, 9, 11) we have 642 
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       , ,0 3 3
cos 1 , sin 1i k i s k s k         r r   (A1) 643 

The edge nodes k = 2, 4, 6, 8, 12 are obtained by 644 

  3
, , 1 2 3 3

cos , sini k i k s s 
   r r   (A2) 645 

For the diagnostic inner points k = 13 to 18, we have 646 
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r r
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 (A3) 647 

The full grid consists for each i of all points k = 0 to 18. The points numbering 13, 14, 15, 16, 17, 18 are 648 

unused in the sparse grid. The sparse grid collocation therefore consists of the points i, k (k = 0 to 12) which are the 649 

mid-point k = 0 and points on the boundary. The sparse grid is redundant, as all points with k > 0 belong to more than 650 

one hexagon. For example in Fig. A1, the point 9i’,j’, is also point 1i’+1,j’+1 and 5i’,j’+1. The point 10i’,j’ belongs only to 651 

one other hexagon: i’, j’+1. These redundant points of the collocation grid can be used to represent discontinuous 652 

functions.  653 

The index is defined with respect to the orthogonal basis 
si  and 

sj shown in Fig. A1. This method of 654 

indexing is suitable for model areas being approximately square.  A rhomboidal area can be achieved by changing the 655 

definition of the basis 
si  and 

sj  shown in Fig. A1.  656 

It was shown by Steppeler (1979) that the anisotropy of the square grid can lead to the deformation of 657 

structures, such as the destruction of the symmetry of a circular wave. It may be useful to show the connection to 1-D 658 

discretizations. In Fig. A2, two vectors 
1n   and 

2n  are given and for each of these directions grid lines are shown in 659 

Fig. A2 (b) and (c) which meet hexagonal grid points and thus determine a 1-D grid. Fig. A2 shows the lines and the 660 

1-D grids created by them. 
1n   and 

2n  form a 30° angle. The situation is similar as with square grids, where two 1-661 

D grids are generated by lines forming a  45°angle. For square grids, the implied grids have grid lengths of dx in x 662 

direction and for the 45° line the grid length 
2

' dxdx  . For the square the grids seen by a plane wave in the direction 663 

of either x or the diagonal are all the same, as each line determines the same grid. 664 
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665 

 666 

Fig. A2 Two examples of lines resulting in 1-D grids for two directions. The combined grid which is seen by a plane 667 

wave in the directions of the arrows    31
1 2 2

cos 60 ,sin 60 ,   n  and    3 1
2 2 2

cos30 ,sin 30 ,   n  is 668 

shown in (d) and (e). 669 

 670 

For 1-D grids in the direction of 
1n  generated by hexagonal grids, three types of irregular grid appear, shown 671 

in Fig. A2 (b). A plane wave in the directions 
1n   or 

2n  sees one of the two grids (Fig. A2 (d) and (e)). They have 672 

the average resolution dx' ( 3
8

s  for Fig. A2 (d) and 3

4
s  for Fig. A2 (e)). This is of higher resolution than each of the 673 



 

 39 / 39 

 

original grids shown in Fig. A2 (b) or (c). It has also a higher resolution than the underlying regular square grid of 674 

resolution 1
2

s . For the gradients of the fluxes at corner points in 
1n  or 

2n  direction, the o2o3 scheme proposed in 675 

this paper uses one-sided derivatives and averages them over the three directions shown in Fig. 5. For a structure being 676 

smooth in the direction vertical to 
1n  or 

2n , the derivative at one point uses points forming a different grid for each 677 

of the lines indicated in Fig. A2. Thus, the resolution of a plane wave is that of the 1-D grids shown in Fig. A2 (d) and 678 

(e). The irregularity of the plane wave grids is of a small scale which means that while some points are near to each 679 

other, they have large differences in grid length. The pattern of small and larger grid lengths repeats itself. These grids 680 

have a higher resolution than the plane wave grids for the square. 681 

It was shown by Steppeler and Klemp (2017) for the example of centered differences that such small-scale 682 

irregularity gives a quality of simulation corresponding to the average grid length. It can be seen that the average grid 683 

for plane waves is smaller than the grid used on the hexagonal sides. The values of the average grids given above 684 

should be compared to those corresponding to the square grid. For the square grid, we obtain 
2
s  and 

2 2

s  for the 685 

averaged resolutions in two directions. The relation of the two grids is 1.17 for the hexagon and 1.47 for the square.  686 

These numbers are a measure of the isotropy of the grid, which is higher for hexagons. The maximum plane wave grid 687 

length is also smaller for the hexagon (0.433 s) than for the square (0.5 s). The maximum of the two grids for different 688 

directions of plane waves is the resolution of the scheme. A small resolution in just one direction is not useful except 689 

for the case that the nature of the solution requires a deformed grid. 690 

The indices of the inherent 1-D grids and their computation from the hexagonal indices can be seen from Fig. 691 

A2 (b) and (d) or (c) and (e). The hexagonal version of the grid for the method o3o3 (Steppeler et al. 2019) is obtained 692 

from the o2o3 hexagonal grid by having four instead three points on each edge and the center point no longer carries 693 

an amplitude. 694 




