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Abstract
Growth in soft biological tissues in general results in anisotropic changes of the tissue geometry. It remains
a key challenge in biomechanics to understand, quantify, and predict this anisotropy. In this paper, we
demonstrate that anisotropic tissue stiffness and the well-known mechanism of tensional homeostasis
induce a natural anisotropy of the geometric changes resulting from volumetric growth in soft biological
tissues. As a rule of thumb, this natural anisotropy makes differential tissue volume elements dilate mainly
in the direction(s) of lowest stiffness. This simple principle is shown to explain the experimentally
observed growth behavior in a host of different soft biological tissues without relying on any the additional
heuristic assumptions or quantities (such as ad-hoc defined growth tensors).

1 Introduction
In biological tissues one frequently observes growth, that is, production or degradation of tissue mass
along with directly associated changes of the tissue geometry. Growth can be divided into two categories.
Surface growth results from deposition of mass on external or also internal surfaces of tissues or organs.
Examples are the growth of biofilms, horns, nails, hair or seashells (Skalak, Farrow et al. 1997, Soleimani,
Wriggers et al. 2016). By contrast, in volumetric growth material is deposited throughout the whole
volume of tissues. For example, growth of collagenous soft tissues results from collagen production by
smooth muscle cells or fibroblasts distributed all over the volume of, for example, blood vessels or
tendons (Humphrey, Dufresne et al. 2014). If mass is produced in a differential tissue volume element,
the volume element in general has to expand in order to accommodate the additional mass. Therefore,
volumetric growth is usually modeled as a local inelastic dilatation (Rodriguez, Hoger et al. 1994) of
differential tissue volume elements. This dilatation is in general anisotropic (i.e., unequal in different
spatial directions) as illustrated also in Figure 1. Its anisotropy plays a key role in soft tissue biomechanics.
For example, it enables arteries to increase wall thickness under increased blood pressure. Without such
ability, arteries might be prone to rupture in particular in early life where the shape of and load on tissues
and organs changes continuously and considerably. For developing theoretical and computational models
of volumetric growth in soft biological tissues it is thus essential to understand and quantify the factors
governing the anisotropy of the geometric changes induced by growth.
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Figure 1. If bl ood pressure i n a n a rtery (l eft) is i ncreased, the wall thickens (right). Thereby di fferential vol ume elements (black)
di l ate not isotropically (i.e., equally i n ci rcumferential direction a nd wall-thickness direction) but anisotropically (i .e., mainly in
wa l l-thickness direction). This way, di fferential volume elements with i nitial square cross section become rectangular with an
el ongated side in wall-thickness direction. So far, the origin of this anisotropy a nd similar other observa tions related to volumetric
growth i n s oft bi ol ogi ca l ti s s ues rema i ns poorl y unders tood.

Theoretical and computational models of the growth and remodeling of living soft tissues have attracted
rapidly increasing attention over the last decade (Goriely and Vandiver 2010, Karšaj, Sorić et al. 2010,
Grytz, Meschke et al. 2011, Grytz, Sigal et al. 2012, Valentín, Humphrey et al. 2013, Grytsan, Watton et al.
2015, Lindquist Liljeqvist, Hultgren et al. 2016, Braeu, Seitz et al. 2017, Virag, Wilson et al. 2017). Recently,
there have been attempts to inform such models by experiments measuring the in general anisotropic
changes of tissue geometry during growth (Tsamis, Cheng et al. 2012). However, the natural difficulties to
obtain such information in vivo limit the application of such approaches so far significantly. Therefore,
theories have been developed how anisotropic shape changes of differential volume elements might be
defined in the absence of specific experimental information. (DiCarlo and Quiligotti 2002, Ambrosi and
Guana 2007) proposed the hypothesis that they might be governed by an Eshelby-like stress tensor.
Despite its theoretical elegance this approach is currently not widely used, possibly because of its
difficulties to explain without further assumptions the experimentally observed growth behavior in
important situations, for example, in blood vessels in hypertension. As a consequence, currently most
theoretical and computational models of volumetric growth of soft living tissues still rely on mainly
heuristic assumptions about the anisotropy of the geometric changes resulting from the growth process.
These assumptions are usually simply made such that reasonable results are obtained in the end.
Obviously, this prevents truly predictive simulations. Moreover, simplistic assumptions such as the one of
isotropic growth are widely used but render for many relevant applications results that are in strong
disagreement with experimental observations as pointed out in (Braeu, Seitz et al. 2017).
It is thus widely acknowledged that there remains a pressing need for a theory that can predict the
anisotropy of the changes of the tissue geometry resulting from volumetric growth in soft biological
tissues in good agreement with experimental observations and on the basis of some fundamental
mathematical or mechanical ideas (Ambrosi, Ateshian et al. 2011). Such a theory could significantly help
to understand the geometric evolution of living organisms during morphogenesis early in life as well as
the mechanobiological adaptation processes in adult tissue s, for example, in aneurysmatic or
hypertensive blood vessels (Eriksson, Watton et al. 2014, Sáez, Peña et al. 2014, Grytsan, Watton et al.
2015, Grytsan, Eriksson et al. 2017, Lin, Iafrati et al. 2017). Moreover, it could provide a powerful tool for
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the development of new and efficient methods in tissue engineering, a field where volumetric growth
processes are of particular importance. Finally, it could be key to understand the interplay between
mechanical and chemical factors (e.g., genetic factors) governing soft tissue growth.
In this paper, we examine the problem of volumetric growth specifically in soft biological tissues subject
to tensional homeostasis. Tensional homeostasis is a mechanism that relies on a coupling between
mechanics and biology and seeks to establish or maintain in tissues some preferred mechanical state
(Cyron and Humphrey 2017). It can be expected to govern growth and remodeling in load-bearing soft
collagenous tissues such as blood vessels, tendons, the bladder or stomach as well as general connective
tissue. Osseous tissues are not considered herein. Also nervous tissues is not considered here because the
role of tensional homeostasis in such tissues is unclear to date.
In section 2 we first briefly delineate a general mathematical model of volumetric growth and remodeling
in load-bearing soft biological tissues, largely in line with previous work. In section 3 we discuss the
micromechanical and physiological foundations of growth and remodeling in soft biological tissues, in
particular the production and degradation of tissue mass and the reorganization of the tissue
microstructure following the principle of tensional homeostasis. In section 4 we demonstrate that
anisotropic tissue stiffness and the mechanism of tensional homeostasis, which has been observed to be
a fundamental property of various biological tissues, induce a natural anisotropy of volumetric growth in
load-bearing soft biological tissues. As a rule of thumb, this natural growth anisotropy will make
differential tissue volume elements dilate mainly in the direction(s) of lowest stiffness during volumetric
growth. In section 5 we demonstrate how these ideas give rise to a new type of computational model that
can capture volumetric growth and remodeling in a host of soft biologi cal tissues without any ad-hoc
definition of a growth tensor.

2 Continuum mechanics
Relying on the general theory of nonlinear continuum mechanics, we model soft biological tissues as
mechanical bodies whose material points 𝑿 ∈ 𝐵0 are mapped at times 𝑡 ≥ 0 by a deformation to their
current position 𝒙(𝑡, 𝑿) ∈ 𝐵(𝑡), see also Figure 2. The Jacobi matrix of this deformation is the so-called
deformation gradient
𝑭=

∂𝒙
.
∂𝑿

(1)

The set of material points 𝐵0 is called the reference configuration, and we note that this configuration
need not be stress-free in general. Herein, we assume without loss of generality that the reference
configuration is always identical to the initial configuration, that is, 𝐵0 = 𝐵(𝑡 = 0). Differential volume
elements 𝑑𝑉 in the reference configuration 𝐵0 are deformed into volume elements
𝑑𝑣 = |𝑭 |𝑑𝑉.

(2)

in the current configuration 𝐵(𝑡) where |𝑭| is the determinant of 𝑭. Herein, we model biological tissues
as so-called constrained mixtures. That is, we assume that the material in each volume element is a
mixture of 𝑛 constituents. For the i-th constituent, the deformation gradient can be split into an inelastic
𝑖 and an elastic part 𝑭 𝑖 such that
part 𝑭𝑔𝑟
𝑒
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𝑖 .
𝑭 = 𝑭𝑖𝑒 𝑭𝑔𝑟

(3)

𝑖 characterizes how the material of the i-th constituent in a volume element in
Here, the inelastic part 𝑭𝑔𝑟
the reference configuration would deform if it were cut out from its surrounding continuum and
additionally separated from the other constituents in the mixture and thus not subject to any loading or
𝑖 captures inelastic changes of the stress-free configuration of
confinement any longer (cf. Figure 2). 𝑭𝑔𝑟

the i-th tissue constituent due to growth and remodeling (Rodriguez, Hoger et al. 1994, Ambrosi and
Guana 2007, Zöllner, Abilez et al. 2012, Braeu, Seitz et al. 2017, Grytsan, Eriksson et al. 2017, Kehl and
Gee 2017, Truster and Masud 2017). The general idea to use an inelastic part of the deformation gradient
to this end goes back to (Rodriguez, Hoger et al. 1994), which introduced Eq. (3) for the simple special
case 𝑛 = 1 so that only a single elastic and inelastic deformation tensor were required for the whole
𝑖 . In a
material. In general, the elastic state of the tissue material at each point is defined by 𝑭 and 𝑭𝑔𝑟
given configuration the elastic part of the deformation gradient 𝑭𝑖𝑒 may be different among the individual
constituents. However, we yet assume that all constituents deform together, that is, all experience the
same deformation increments over time and thus form a constrained mixture.

Figure 2. Il l ustration of the kinematics of volumetric growth a nd remodeling. The deformation gradient 𝑭 can be split at each
𝑖
𝑖
poi nt i nto a n i nelastic pa rt 𝑭𝑔𝑟
a nd a n el astic pa rt 𝑭𝑖𝑒. The i nelastic 𝑭𝑔𝑟
a ccounts for i nelastic cha nges of the s tress-free
confi guration of i ndividual constituents in differential volume elements that may be associated with growth a nd remodeling.
𝑖
Vol ume elements i n the reference configuration 𝐵0 a re deformed by 𝑭𝑔𝑟
i nto a n i ntermediate configuration which is in general
not geometrically compatible so that neighboring volume elements may overlap or form gaps. The elastic 𝑭𝑖𝑒 applied to each
di fferential vol ume element ensures that the tota l deformation gra dient fi eld i s geometrically compatible (i .e., neighboring
di fferential vol ume el ements fi t together wi thout ga ps or overl a ps) a nd s atisfies mechanical equilibrium i n the current
confi gura ti on 𝐵(𝑡).

Volumetric growth and remodeling in biological tissues happens slowly (typically on a time scale of hours,
days, or months) and is thus modeled here as a quasi -static process so that the balance of linear
momentum is
div (𝑷) + 𝜚0 𝒃0 = 𝟎

(4)

with the total referential mass density of the mixture
𝑛

𝜚0 = ∑ 𝜚𝑖0 ,
𝑖=1
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(5)

the mass density per unit reference volume of the i-th constituent 𝜚𝑖0 , the body force vector 𝒃0 (per unit
mass) and the first Piola-Kirchhoff stress tensor
𝑷=

𝜕𝛹
𝜕𝑭

(6)

where
𝑛

𝛹 = ∑ 𝜚𝑖0 𝑊 𝑖 (𝑭𝑖𝑒 ) + 𝛹 #

(7)

𝑖=1

is the strain energy of the constrained mixture per unit volume. 𝑊 𝑖 is the strain energy of the i-th
constituent per unit mass, which is assumed to depend only on its elastic deformation, that is, on 𝑭𝑖𝑒. The
special strain energy 𝛹 # (per unit volume) is accounting for excluded volume interactions between the
individual mass increments and microstructural elements forming the constrained mixture. Such
interactions are often assumed to ensure in practice a (nearly) constant spatial density 𝜚 of all the
constituents together at any time. With Eq. (4.6) from (Holzapfel 2000), this assumption is equivalent to
𝑑𝑣 =

𝜚0 (𝑿, 𝑡)
dV
𝜚

(8)

or, using (2) in (8),
𝜚 = 𝜚0 ⁄|𝑭| .

(9)

Therefore, 𝛹 # can be modeled by a penalty-type energy
𝛹 # (𝑡) =

𝜀
𝜚 (𝑡)
(|𝑭(𝑡)| − 0 )
2
𝜚

2

(10)

with some very large 𝜀. We note that 𝛹 # in (7) is an important difference between the approach
introduced herein and most previous work. Below we will demonstrate that one of its non -trivial
consequences is that it implicitly defines the anisotropy of the geometry changes resulting from
volumetric growth, which has to be defined so far mainly on the basis of heuristic assumptions.
𝑖 are known, the unknown current deformation field 𝒙 can be computed immediately at any
If 𝜚𝑖0 and 𝑭𝑔𝑟

point in time using (1), (3) and (5) – (7) in (4) so that the balance of linear momentum (4) can be written
completely in terms of the unknown deformation field 𝒙, yielding in 𝑑 dimensions for the 𝑑 unknown
components of 𝒙 a system of 𝑑 coupled differential equations. The crucial difficulty is thus determining
𝑖 and 𝜚𝑖 at each point in time.
𝑭𝑔𝑟
0
To determine 𝜚𝑖0 , one typically assumes a known initial value and an evolution equation of the type
𝜚̇ 𝑖0 = 𝜚𝑖0 𝒌𝑖𝜎 ∶ Δ𝑮𝑖 .

(11)

Here the over-dot denotes a time derivative, Δ𝑮𝑖 is a mass production stimulus, for example the
difference between the current stress or stretch and some homeostatic target value (cf. also Eq. (7) in
(Cyron and Humphrey 2017)). The colon in (11) denotes a double contraction product and 𝒌𝑖𝜎 is a second
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order gain tensor. In the literature different choices for Δ𝑮𝑖 and 𝒌𝑖𝜎 can be found. While the exact
parameter values used for these quantities differ significantly, there is yet a high overall similarity at least
between the functional forms used.
𝑖 , for which even the general functional form of the evolution
The situation is much more involved for 𝑭𝑔𝑟
𝑖 itself remain highly controversial to date. Helping to overcome this controversy can be
equations and 𝑭𝑔𝑟
considered a primary objective of this paper.
Remark 1: the number of constituents 𝑛 depends on the mathematical model of growth and remodeling.
In the recently developed homogenized constrained mixture models (Cyron, Aydin et al. 2016, Braeu, Seitz
et al. 2017) or also in the recruitment stretch models following (Watton, Hill et al. 2004, Eriksson, Watton
et al. 2014, Grytsan, Watton et al. 2015) 𝑛 can be understood as the number of structurally different
constituents such as elastin, smooth muscle and collagen (or also different collagen fiber families) that
can be distinguished in a biological tissue. By contrast, when following the constrained mixture models
based on multi-network theory, which were introduced by (Humphrey and Rajagopal 2002) and further
used, for example, by (Wilson, Baek et al. 2012, Wilson, Baek et al. 2013), 𝑛 in the above equation (7)
should rather be understood as the number of mass increments with different stress -free natural
configurations present in each differential volume element. Recalling that constrained mixture models
based on multi-network theory keep track of differential mass increments deposited during each
differential time interval, 𝑛 is for these models in theory infinite. In computational implementations where
time is discretized by a finite number of points in time, also 𝑛 is finite but in practice often very large. We
note that the ideas developed herein can be applied to any of the above mentioned models by simply
𝑖
incorporating in these models an interaction energy 𝛹 # as in (7) and defining the evolution of 𝑭𝑔𝑟
according to the discussion below. Thereby the exact form of 𝛹 # is largely irrelevant as long as it ensures
a constant spatial density of the material (cf. (9)) sufficiently accurately.

3 Physiological foundations
𝑖 we first briefly recall some physiological foundations
To overcome the controversy how to compute 𝑭𝑔𝑟

of growth and remodeling. Noting the partially inconsistent nomenclature used in the literature, we start
with a few definitions.
In the following, the term remodeling refers to an inelastic reorganization of the microstructure of the
tissue. On the microscale, this reorganization is accomplished by biological cells rearranging the tissue
fibers and altering also the inter-molecular connections within and between these fibers. The altered
microstructure of the tissue will in general result in altered stress-free configurations of tissue material
𝑖 in Eq. (3). Tissue mass, however, is by definition not changed by
increments, that is, in an altered 𝑭𝑔𝑟
remodeling.
In opposition to that, the term of growth refers in the following to the process of production or
degradation of tissue mass as well as any elastic deformation of the tissue that is directly associated with
this process. By definition, growth is understood in the following as a process during which the intermolecular connections defining the stress-free configuration of tissue material remain unaltered. That is,
𝑖 in Eq. (3). It may rather be imagined as a kind
growth is understood herein as a process not affecting 𝑭𝑔𝑟
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of elastic swelling.
In practice, growth and remodeling, in the sense of the above definitions, may occur simultaneously. For
example, cells may produce additional collagen fibers. The additional fiber volume deposited thereby
within the tissue will in the first place induce and elastic distension of the extant tissue (i.e., a kind of
swelling). The fiber production and the associated elastic distension together are referred to as growth
herein. However, while or directly after the cells are producing new fibers they may also alter the intermolecular connections in the tissue, thereby changing the stress-free state of tissue material increments
and thus remodeling the tissue. Obviously, growth and remodeling in the sense of the above definitions
are physically per se independent processes and are thus to be treated separately also in mathematical
modeling.
Relying on these definitions, this paper is based on two major hypotheses, which we first briefly introduce
and then support by references to experimental observations reported in the literature .
Hypothesis 1: Remodeling is driven by tensional homeostasis only. We assume that cells remodel the
surrounding tissue so as to maintain or achieve a preferred state of mechanical stress, which is called
homeostatic state. Moreover, we assume that this mechanism, which is also called tensional homeostasis,
is the only driver of remodeling.
Hypothesis 2: The spatial mass density remains constant during growth. We assume that the packing
density of the fibers in the tissue does not change during growth, that is, it does not change when
additional fibers are produced or extant fibers are degraded.
It is well-known that cells such as fibroblasts or smooth muscle cells have a natural tendency to reorganize
surrounding collagen tissues towards a preferred mechanical state. To date it is not yet fully understood
which mechanical quantity exactly (e.g., stress, stretch or stiffness) def ines the target of this process.
However, there is at least considerable evidence that it might be the stress in the tissue fibers or at least
some closely related quantity (Brown, Prajapati et al. 1998, Ezra, Ellis et al. 2010). The reorganization of
the tissue due to tensional homeostasis is well-known to imply also a reorganization of inter-molecular
connections (Cyron and Humphrey 2017) and changes thereby the stress-free configuration of differential
volume elements. While numerous papers have reported the phenomenon of tensional homeostasis, to
the authors’ best knowledge nobody has reported so far that deposition or degradation of tissue mass are
directly associated with a specific kind of reorganization of inter-molecular connections in the tissue.
Therefore, following Ockham’s lex parsimoniae we assume Hypothesis 1.
(Cyron, Aydin et al. 2016, Braeu, Seitz et al. 2017, Cyron and Aydin 2017) demonstrated that remodeling
𝑖 of the deformation
due to tensional homeostasis can be captured by an evolution of the inelastic part 𝑭𝑔𝑟
gradient following the equation
[

𝜚̇ 𝑖0 (𝑡) 1
𝜕𝑺 𝑖
𝑖 − 𝑺 𝑖 ] = [2
𝑖 )]
]
[
+
𝑺
: (𝑪𝑖𝑒 𝑳𝑔𝑟
𝑝𝑟𝑒
𝜚𝑖0 (𝑡) 𝑇 𝑖
𝜕𝑪𝑖𝑒
𝑭=𝑐𝑜𝑛𝑠𝑡

(12)

𝑖
Therefore, Hypothesis 1 directly translates into the assumption that we can describe the evolution of 𝑭𝑔𝑟
𝑖 = 𝑭̇ 𝑖 𝑭 𝑖 −1 is the velocity gradient of the inelastic deformation. 𝑇 𝑖 is the average
in (3) by (12). In (12), 𝑳𝑔𝑟
𝑔𝑟 𝑔𝑟
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survival time of tissue fibers and structural connections during the microstructural reorganization driven
by tensional homeostasis. 𝑺 𝑖 is the second Piola-Kirchhoff stress of the i-th constituent, and 𝑪𝑖𝑒 = 𝑭𝑖𝑒𝑇 𝑭𝑖𝑒
its elastic Cauchy-Green deformation tensor with 𝑭𝑖𝑒 from (3). 𝑺 𝑖𝑝𝑟𝑒 is the 2nd Piola-Kirchhoff target stress
of tensional homeostasis.
Hypothesis 2 was inspired by experimental observations reported, among others, by (Wolinsky and Glagov
1967, Matsumoto and Hayashi 1996). It was observed that the thickness of soft tissues such as arteries
under increased load seems to adopt so as to maintain a certain preferred level of tissue stress. If, for
example, blood pressure in an artery is increased, also its wall thickness increases until the original level
of wall stress is restored. On the other hand, the observations reported by (Flynn, Bhole et al. 2010)
suggest that fiber degradation in soft tissues strongly depends on the microscopic fiber stretch. This
stretch can therefore also be expected to be restored by tensional homeostasis. However, tensional
homeostasis can restore both fiber stress and fiber stretch at the same time only if fiber density in the
tissue remains (approximately) constant during growth. This conclusion directly motivates Hypothesis 2
Mathematically, Hypothesis 2 means that (8) and (9) hold not only in the sense of an incompressibility
condition during elastic deformation but also more generally during volumetric growth where they
enforce a constant spatial mass density over time.
Remark 2: As discussed above, there is considerable experimental evidence supporting Hypothesis 1 and
Hypothesis 2, which was the reason for choosing these two hypotheses as starting points for the
theoretical discussion in this paper. Nevertheless, one should keep in mind that the amount of
experimental observations shedding light on the physiological foundations of growth and remodeling in
soft biological tissues is still very limited and so the hypotheses proposed and conclusions drawn in this
paper certainly still require significant further examination in the future.
Remark 3: An essential feature of nearly all mathematical models of volumetric growth in soft biological
tissues published so far (Rodriguez, Hoger et al. 1994, Ambrosi and Guana 2007, Zöllner, Abilez et al. 2012,
Braeu, Seitz et al. 2017, Grytsan, Eriksson et al. 2017, Kehl and Gee 2017, Truster and Masud 2017) is the
assumption that growth itself is directly associated with some inelastic reorganization of the tissue
microstructure, represented by some growth tensor (i.e., a growth-induced inelastic part of the
deformation gradient). This lead to an ongoing controversy how to define this growth tensor. The growth
model proposed herein bypasses the definition of any inelastic growth tensor. The only inelastic part of
the deformation gradient to be defined is the one related to remodeling for whose definition one can
resort to rather general observations made in vitro on the remodeling of fibroblast-seeded tissue
equivalents.

Remark 4: (Braeu, Seitz et al. 2017) suggested to capture the inelastic deformation by growth and
𝑖 = 𝑭 𝑖 𝑭 𝑖 with 𝑭 𝑖 capturing the inelastic deformation by growth
remodeling via a multiplicative split 𝑭𝑔𝑟
𝑟 𝑔
𝑔
and 𝑭𝑖𝑟 capturing the inelastic deformation by remodeling. Mathematically, the approach introduced
herein can be considered a special case of this concept with the particularly simple choice 𝑭𝑔𝑖 = 𝑰, where
𝑰 is the identity tensor.
9

Remark 5: the idea of treating growth and remodeling separately, which is essential in this paper, was, in
some form, proposed already earlier by (DiCarlo, Naili et al. 2006) for osseous tissue and subsequently
also by (Cyron, Aydin et al. 2016, Braeu, Seitz et al. 2017) for soft tissue.

(a)

(b)

Figure 3: Deposition of new ma terial during growth directly i nduces an elastic distension of differential ti ssue volume elements
tha t ca n be understood as a form of elastic swelling. This s welling will create the space that is required to accommodate the
a dditional mass by expanding the volume element predominantly in the direction(s) of lowest stiffness. Because in the direction(s)
of l owest s tiffness the extant fibers will oppose the deformation of the volume element by s welling only mi nimally. In (a) a
di fferential vol ume element is i llustrated whose s tiffness i n vertical direction is much higher tha n i n horizontal di rection
(i l lustrated by much thicker l oad-bearing fi bers in vertical direction). If i n this volume element additional fibers a re deposited, it
wi l l elastically dilate mainly in horizontal direction (b). This dilatation mainly i n horizontal direction will trigger also remodeling
(i .e., i nelastic reorganization of the ti ssue) ma inly i n horizontal direction, l eading fi nally to a l ong-term a nisotropic inelastic
deforma ti on of the vol ume el ement ma i nl y i n hori zonta l di recti on.

4 Natural anisotropy of volumetric growth and remodeling
The constant spatial mass density assumed in Hypothesis 2 implies that growth is always associated with
a change of tissue volume, a kind of elastic swelling of differential volume elements. At the same time,
Hypothesis 1 implies that growth is not directly associated with any inelastic change of the tissue
𝑖 ). Therefore, Hypothesis 1 and Hypothesis 2 together imply that
microstructure (i.e., any change of 𝑭𝑔𝑟
growth becomes in the first place manifest as a kind of elastic distension of differential volume elements
in the tissue. This elastic distension changes the stress field in the tissue and thereby triggers remodeling
(i.e., inelastic reorganization of the tissue) due to tensional homeostasis. In this section, we will
demonstrate that this setting gives rise to a natural anisotropy of the geometry changes induced by
volumetric growth, which is mainly governed by the anisotropy of the elastic stiffness of the tissue. We
will focus thereby on an (isolated) differential volume element to exclude confounding effects from the
surrounding continuum and boundary conditions. We will perform our analysis in two steps. In the first
step we will examine the elastic distension of the tissue directly associated with growth, in the second
step the remodeling dynamics which it gives rise to.
Via (10), the amount of mass produced per differential volume element per unit time 𝜚̇ 0 determines the
ratio between the size of a differential volume element in current and reference configuration, that is,
|𝑭(𝑡)|. The dilatation of differential volume elements during volumetric growth is illustrated in Figure 3.
If new material is deposited in the tissue, the extant tissue will immediately dilate elastically in order to
increase its volume and accommodate the additional material. The following discussion will demonstrate
10

that this dilatation is naturally anisotropic. To see this, we first note that via (10) and (12) volumetric
𝑖 in
growth itself (without the remodeling it may give rise to in the long term) alters |𝑭(𝑡)| but leaves 𝑭𝑔𝑟
(3) constant, which means that the change of |𝑭(𝑡)| must be associated with some change of 𝑭𝑖𝑒. Next we
resort to the concept of traction-free configurations. In a constrained mixture of 𝑛 constituents as
assumed above in (7), different constituents may have different individual stress-free configurations. That
is, in general there exists no configuration in which all constituents i n a differential volume element are
stress-free at the same time. However, there always exists a so-called traction-free configuration in which
the average stress of the different constituents weighted with their respective volume fractions 𝜚𝑖0 ⁄𝜚0 is
zero. The traction-free configuration can be imagined as the configuration of a differential volume
element into which it would naturally deform when cut out from its surrounding continuum and not
subjected to any external load. Herein, we denote the tensor mapping infinitesimal line elements from
(the tangent space of) the reference configuration to (the tangent space of) the current traction-free
configuration by 𝑭 𝐺. If a differential volume element is traction-free in a certain configuration, this holds
also after any rigid body rotation. To render the notion of the traction-free configuration unique, we thus
define without loss of generality that 𝑭𝐺 does not imply any rotation compared to the reference
configuration. That is, 𝑭𝐺 is symmetric and the rotation tensor resulting from its polar decomposition is
simply the identity tensor. The evolution of the traction-free configuration in time can be described using
the velocity gradient (Menzel and Kuhl 2012)
𝑳𝐺 = 𝑭̇ 𝑮 𝑭−1
𝑮 .

(13)

The relative rate of change of the volume of the traction-free configuration of a differential volume
element is
tr( 𝑳𝐺 ) =

𝑑𝑣̇ 𝐺
𝑑𝑣𝐺

(14)

with tr(𝑳𝐺 ) the trace of 𝑳𝐺 . As discussed above, we assume herein a constant spatial mass density 𝜚 in
differential volume elements under any loading conditions and therefore also in their traction -free
configuration. Therefore, the relative rate of change of the size of differential volume elements in the
traction-free configuration must be equal to the relative rate of change of the mass in these volume
elements, that is,
𝜚̇ 0 𝑑𝑣̇ 𝐺
=
= tr(𝑳𝑮 ).
𝜚0 𝑑𝑣𝐺

(15)

𝑭̇𝐺 is associated with an elastic distension of the extant material while new material is squeezed in. To
quantify it, we consider an infinitesimal change 𝑑𝑭𝐺 of the traction-free configuration that results from
the deposition of an additional mass increment 𝑑𝑚. The traction-free configuration of the material that
has been in the differential volume element already before deposition of the mass increment 𝑑𝑚 does
not change during the deposition process (recalling that herein we assume that growth and remodeling
are separate processes, see also section 3). Let the elastic bulk stretch tensor of this material be 𝑭𝐸. 𝑭𝐸
maps between the traction-free configuration of the material existing before deposition of 𝑑𝑚 and its
current traction-free configuration. By definition, before deposition of 𝑑𝑚 one has 𝑭𝐸 = 𝑰. After
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deposition of 𝑑𝑚 and the associated change of the traction-free configuration by 𝑑𝑭𝐺 one has 𝑭𝐸 = 𝑰 +
𝑑𝑭𝐸 with
(𝑰 + 𝑑𝑭𝐸 )𝑭𝐺 = 𝑭𝑮 + 𝑑𝑭𝑮 ,

(16)

𝑑𝑭𝐸 = 𝑑𝑭𝐺 𝑭−1
𝑮 .

(17)

giving

Dividing (17) by the time increment 𝑑𝑡 over which the mass increment 𝑑𝑚 is deposited and using (13)
yields
𝑭̇𝐸 = 𝑳𝐺 .

(18)

The rate of change of the elastic Cauchy-Green deformation tensor 𝑪𝑬 = 𝑭𝑇𝐸 𝑭𝐸 of the extant material
during the growth process is thus (in a given traction-free configuration where the extant material exhibits
a bulk elastic stretch tensor 𝑭𝐸 = 𝑰)
𝑪̇𝐸 = 𝑭̇𝑇𝐸 𝑭𝐸 + 𝑭𝑇𝐸 𝑭̇𝐸 = 𝑭̇𝑇𝐸 + 𝑭̇𝐸 = 2𝑫𝐺

(19)

1
𝑫𝐺 = (𝑳𝐺 + 𝑳𝑇𝑮 )
2

(20)

with

the symmetric part of the velocity gradient 𝑳𝐺 . Strain energy of the extant material in the neighborhood
of a given traction-free configuration (in which we have 𝑪𝐸 = 𝑰 for the extant material) can be expressed
via a Taylor expansion as
𝛹 (𝑪𝐸 = 𝑰 + 𝑑𝑪𝐸 ) = 𝛹 (𝑪𝐸 = 𝑰 ) +

𝜕𝛹
1
𝜕2𝛹
∶ 𝑑𝑪𝐸 + 𝑑𝑪𝐸 ∶
∶ 𝑑𝑪𝐸 + 𝑜(𝑑𝑪𝐸 : 𝑑𝑪𝐸 )
𝜕𝑪𝐸
2
𝜕 𝑪2𝐸

(21)

with the Lamdau symbol 𝑜(. ) and colons denoting double contraction products between tensors. By
definition in the traction-free configuration 𝜕𝛹 ⁄𝜕𝑪𝐸 = 𝟎. Then from (19) and (21) we conclude that the
elastic energy of the material in a differential volume element changes during mass deposition over a time
interval of length 𝑑𝑡 by the increment
1
𝜕2𝛹
𝜕2𝛹
2𝑫 ∶
𝑑𝛹 = 𝑑𝑪𝐸 ∶
∶
𝑑𝑪
=
2𝑑𝑡
∶ 𝑫𝐺 .
𝐸
𝐺
2
𝜕𝑪2𝐸
𝜕𝑪2𝐸

(22)

As can be seen from (15), the mass production rate per unit reference volume 𝜚̇ 0 determines the rate of
relative volumetric expansion of the traction-free configuration. But it does not enforce any specific shape
of the traction-free configuration. As a consequence of the principle of minimum energy, the shape of the
traction-free configuration will thus evolve such that 𝑑𝛹 is minimal. Let 𝑑𝛹 be minimal for 𝑫𝐺 = 𝑫∗𝐺 .
Then
𝑫∗𝐺 = argmin {𝑫𝐺 ∶
𝑫𝑮
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𝜕2𝛹
∶ 𝑫𝐺 },
𝜕𝑪2𝐸

(23)

that is, 𝑫∗𝐺 is the 𝑫𝐺 which minimizes the term in the braces. Assuming a constant spatial mass density
(as we do herein), using (15) and (20) in (23) leads to the constrained optimization problem
𝑫∗𝐺 =

argmin

𝑫𝑮 : tr( 𝑫𝑮) =𝜚̇0 ⁄𝜚0

{𝑫𝐺 ∶

̅
𝜕2𝛹
∶ 𝑫𝐺 }.
𝜕 𝑪2𝐸

(24)

̅ = 𝛹 − 𝛹 ∗ is the total strain energy minus the (isotropic) penalty energy 𝛹 ∗ modeling excluded
where 𝛹
̅ ⁄𝜕𝑪2𝐸 is
volume interactions and ensuring constant spatial density. The fourth order stiffness tensor 𝜕 2 𝛹
symmetric and assumed here to be positive definite. Its inverse is the compliance tensor ̅
𝕊. As shown
in Appendix A, the unique solution to (24) is
𝑫∗𝐺 =

𝜚̇ 0
̅
̅ ∶ 𝑰 ) 𝜚0 𝕊 ∶ 𝑰.
tr(𝕊

(25)

The symmetric part 𝑫𝐺 of the velocity gradient 𝑳𝐺 indicates how fast the traction-free configuration of a
differential volume element dilates in different directions, cf. also section 4.5.2 in (Gonzalez and Stuart
2008). For example, after a principal axis transformation the diagonal elements of 𝑫𝐺 indicate the strain
rate at which the traction-free configuration dilates along the principle axes. From (25) it is thus apparent
that, as a rule of thumb, during volumetric growth differential volume elements will dilate elastically
mainly in the direction(s) of maximal compliance, that is, of lowest stiffness. This can indeed be
understood quite intuitively. The elastic dilatation associated directly with growth is a form of elastic
swelling. The energetic cost for swelling, which implies a stretch of extant fibers, is obviously minimal in
the direction(s) of lowest material stiffness of the extant material. This is also illustrated in Figure 3.
So far we have discussed in this section in a first step only the immediate elastic dilatation of differential
volume elements associated with growth. In a second step, we now examine the remodeling that results
from this perturbation of the elastic stress field. The elastic dilatation by growth increases the elastic stress
in fibers by an amount that is directly proportional to the elastic stretch induced in fiber direction by 𝑫∗𝐺 .
As the latter elastic fiber stretch is in softer directions higher than in stiffer directions of the material, also
the difference of fiber stress from the homeostatic target value due to growth will be. The higher this
difference, the faster inelastic remodeling according to (12). Therefore, growth will not only result in an
immediate elastic dilatation of differential volume elements predominantly in the softest mat erial
direction(s) but also to a long-term inelastic remodeling predominantly in these direction(s).
Remark 6: note that the above derived natural anisotropy of volumetric growth and remodeling induced
by the combination of anisotropic stiffness and tensional homeostasis can be captured only if the constant
spatial mass density of the tissue is enforced by a penalty function such as 𝛹 # in (7) rather than by a
volumetric-deviatoric split of the deformation gradient as used in various previous articles about
volumetric growth. The reason is that, when using a penalty function, dilatation of volume elements by
deposition of mass automatically always affects the elastic stretch 𝑭𝑖𝑒. Minimization of the associated
strain energy ultimately yields (25) and thereby a growth anisotropy governed by the tissue stiffness.
The situation is completely different when using a volumetric-deviatoric split of the deformation gradient
in order to model a constant spatial density of the tissue in a way similar to standard models of material
incompressibility during elastic deformation. In this case, growth will not result in any elastic energy as
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long as it occurs isotropically and thus affects the volumetric part of the deformation gradient only (which
does not appear in the strain energy function). Therefore, in this case the argument of minimal strain
energy put forward above would not induce any kind of growth anisotropy dependent on the stiffness
anisotropy but it would rather always lead to isotropic growth, which has indeed also been observed in
computer simulations (Grytsan, Watton et al. 2015) but which is in contradiction to experimental
observations in various tissues as discussed in more detail below.
Remark 7: above only the symmetric part 𝑫𝐺 of the velocity gradient 𝑳𝐺 is examined. A discussion of the
anti-symmetric part, which describes the rotation of the traction-free configuration, is skipped since it is
not essential for understanding the aspects of growth dynamics on which we decided to focus herein.
Remark 8: in the theory developed herein, the evolution of the traction-free configuration of differential
volume elements is governed by a minimum energy principle as revealed by (23). This establishes some
link between the ideas introduced herein and the work of (Gizzi, Cherubini et al. 2014, Pandolfi, Gizzi et
al. 2016) where electro-mechanical coupling in soft biological tissues is modeled by an inelastic part of the
deformation gradient, which is also determined via the minimization of a potential.

5 Examples
The discussion from section 4 can directly be applied to understand the experimentally observed
volumetric growth and remodeling in a variety of different soft biological tissues in a very natural way as
we will demonstrate in this section by several examples. The parameters used for the computational
studies reported in the following subsections are all summarized in Appendix B.

5.1 Volumetric growth and remodeling in membrane-like tissues
In membrane-like tissues such as the bladder, the stomach, the small and large intestine or blood vessels
the stiff, reinforcing collagen fibers are mainly oriented perpendicular to the wall-thickness direction
(Schriefl, Zeindlinger et al. 2012). The wall-thickness direction is thus the by far most compliant direction.
Our model thus predicts volumetric growth and remodeling mainly in wall -thickness direction in such
tissues, which is indeed in good agreement with experimental observations as discussed in the following
subsections.
5.1.1 Vascular growth and remodeling in hypertension
In blood vessels increased blood pressure is well-known to stimulate volumetric growth via deposition of
additional collagen fibers. This growth mainly increases wall thickness rather than length or diameter of
blood vessels (Berry and Greenwald 1976, Matsumoto and Hayashi 1994). So far to the authors’ best
knowledge no explanation has been proposed why this is the case, whereas the discussion in section 4
can explain this phenomenon in quite a natural way.
To underline the agreement between our theory and experiments, we present in this section the results
of computer simulations based on our theory. Therein, the artery is modeled as a circular cylinder. Its wall
is a constrained mixture of elastin, five collagen fiber families (circumferential, axial, diagonal, radial) and
one circumferential smooth muscle fiber family. Geoemetry parameters, strain energy functions, and
material parameters are taken from section 4.3 of (Braeu, Seitz et al. 2017) with just a few minor
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modifications. All the details of the computational model are given in Appendix B.
Remodeling of collagen and smooth muscle is captured by the above equation (12), which is equivalent
to equation (17) in (Braeu, Seitz et al. 2017). As in (Braeu, Seitz et al. 2017) we assume also herein no
remodeling of elastin. In the mass production equation (11) we choose both for collagen and smooth
muscle fiber families
𝒌𝑖𝜎 = 𝑘 𝑖𝜎 𝑨𝒊 ⨂𝑨𝒊 .

(26)

with 𝑨𝒊 the unit direction vector of the respective fiber families in reference configuration and
Δ𝑮𝑖 = 𝑹𝑇 𝝈𝑖 𝑹 − 𝝈𝑖ℎ .

(27)

Here 𝝈𝑖 is the Cauchy stress of the i-th constituent, 𝝈𝑖ℎ some constant homeostatic target stress, and 𝑹
the rotational part of the deformation gradient 𝑭. This choice of 𝒌𝑖𝜎 and Δ𝑮𝑖 is equivalent to the one in
(Braeu, Seitz et al. 2017).
In our simulations we mimic the experiment of (Berry and Greenwald 1976) where at some point in time
𝑡 = 0 the artery is subjected to a sudden increase in blood pressure 𝑝 from 100 𝑚𝑚𝐻𝑔 to 180 𝑚𝑚𝐻𝑔
and the subsequent growth and remodeling is observed over several weeks.
The results of our computer simulations are presented in In Figure 4 with 𝑇 𝑖 = 7 days in (12) and three
different gain parameters 𝑘 𝑖𝜎 = 0.22/𝑇 𝑖, 𝑘 𝑖𝜎 = 0.28/𝑇 𝑖 and 𝑘 𝑖𝜎 = 0.34/𝑇 𝑖 in (26). As expected from the
discussion in section 4, the volumetric growth induced by hypertension mainly leads to a thickening of the
arterial wall because the wall-thickness direction is by far the most compliant direction in the tissue. This
is clearly visible by the relative change of the ratio between the mid-radius 𝑅𝑚𝑖𝑑 , the average between
the inner and outer radius of the artery, and the wall thickness 𝐻 over time, that is, by
̂ (𝑡) =
𝐻

𝑅 𝑚𝑖𝑑 (𝑡)/𝐻(𝑡) − 𝑅 𝑚𝑖𝑑 (𝑡 = 0)/𝐻(𝑡 = 0)
.
𝑅 𝑚𝑖𝑑 (𝑡 = 0)/𝐻(𝑡 = 0)

(28)

As apparent from Figure 4, for 𝑘 𝑖𝜎 = 0.28/𝑇 𝑖 the ratio between wall thickening and radius dilation in the
simulation at 𝑡 = 16 weeks agrees well with the experimental observation reported by (Berry and
Greenwald 1976). We thus note that the theory developed in this paper can – for an appropriate choice
of parameters – excellently reproduce the kind of growth and remodeling observed in the vasculature
without prescribing in any explicit way its specific anisotropy. In opposition to that, one can easily
demonstrate that computational models where growth is prescribed to be an evolving isotropic inelastic
deformation of differential volume elements, an approach that is frequently used in the literature, are in
general unable to capture the growth and remodeling observed in arteries even qualitatively. The reason
is that such models always produce a similar dilatation of the tissue in radial and circumferential direction,
which is in clear contradiction to experimental observations.
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Figure 4: a rtery before (left) and after (right) increase of blood pressure from 100mmHg to 180mmHg s ubsequent to which both
̂ between wall thickness
the diameter and the wall thickness increase by growth and remodeling. The relative change of the ratio 𝑯
a nd vessel mid-radius over time is plotted for different simulated gain parameters a nd compared to experimental data from
(Berry a nd Greenwa l d 1976)

5.1.2

Aneurysms

Aneurysms are local dilatations of the vascular wall. They typically enlarge over years and often finally
rupture, which is one of the most common causes of death in industrialized countries. The initiation and
enlargement of aneurysms remain poorly understood to date. Computer simulations are therefore
increasingly used to study both. Here we present the simulation of an enlarging aneurysm (Figure 5) using
the computational model described in section 5.1.1 but with 𝑘 𝑖𝜎 = 0.05/𝑇 𝑖 and 𝑇 𝑖 = 101 days. Moreover,
in the simulation, we keep the blood pressure at the initial value of 100mmHg and initiate the enlargement
of the aneurysm by a damage to the elastin layer following equation (45) in Appendix B. This example
demonstrates that our novel approach to volumetric growth and remodeling can capture volumetric
growth and remodeling successfully not only in the mechanobiologically stable regime considered in
section 5.1.1 but also in the mechanobiologically unstable regime governing the enlargement of
aneurysms (Cyron and Humphrey 2014, Cyron, Wilson et al. 2014).
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Figure 5: (a ) von-Mises stress in a n i dealized fusiform a bdominal aortic a neurysm 15 yea rs a fter i nitiation. (b) Ma ximal inner
ra di us of the aneurysm over ti me.

5.2 Volumetric growth in rope-like tissues
In rope-like tissues such as tendons or ligaments, volumetric growth by deposition of additional mass may
occur, for example, due to inflammation, which induces deposition of ground matrix and swelling through
attraction of water. This is well-known to result in thickening, that is, an increase in cross-section, rather
than an increase in length or a substantial relaxation of axial tension (Bass 2012). Again, this phenomenon
can be naturally explained from the discussion in section 4. The much higher stiffness in axial than
transverse direction makes tendons and ligaments expand during volumetric growth mainly in transverse
direction. To illustrate the ability of our theory to capture this phenomenon, we model the geometry of
the tendon as a rectangular prism with three collagen fiber families aligned with its edges. Computer
simulations are performed with a simple orthotropic material resembling the situation in tendons and
ligaments at least qualitatively. In our computational model we used the strain energy
𝑔𝑟

𝛹=

𝜚0 (𝑡)
1
𝜚𝑖0 (𝑡)
2
𝑖 ⨂𝑨𝑖 ∶ 𝑪𝑖 ) − 1] + 𝛹 # .
̅
[
(
)
]
𝐺
tr
𝑪
−
3
+
∑
𝜑 𝑖 𝐸[(𝑨𝑔𝑟
𝑔𝑟
𝑔𝑟
𝑒
𝑖
2
𝜚0 (𝑡 = 0)
𝜚0 (𝑡 = 0)

(29)

𝑖

The isotropic Neo-Hookean energy which forms the first summand on the right-hand side of (29)
represents the shear stiffness of the ground matrix (constituent superscript gr), which is assumed to be
proportional to the tissue mass and be defined by the modulus 𝐺 = 13.85 MPa taken from (Weiss, Maker
et al. 1996). 𝑪 is the Cauchy-Green deformation tensor and ̅
𝑪 its isochoric counterpart. The sum of
quadratic functions which forms the second summand on the right-hand side represents three families of
collagen fibers oriented in axial (𝑖 = 𝑐𝑜(𝑎𝑥)) and in the two transverse directions (𝑖 = 𝑐𝑜(0°), 𝑐𝑜(90°)).
These are aligned with the unit direction vectors 𝑨𝑖0 in reference configuration and the unit direction
𝑖 = 𝑭 𝑖 𝑨𝑖 /‖𝑭𝑖 𝑨𝑖 ‖ in the inelastically deformed intermediate configuration. 𝑪𝑖 is the elastic
vectors 𝑨𝑔𝑟
𝑔𝑟 0
𝑔𝑟 0
𝑒
Cauchy-Green deformation tensor, 𝐸 = 125 MPa the elastic modulus of the collagen fibers taken from
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the one-dimensional model for ligaments proposed by (Yu, Walker et al. 2001), and 𝜑 𝑖 the fraction of
collagen fibers forming a specific fiber family. The penalty function 𝛹 # from (10) is used with 𝜀 =
300 MPa. At time 𝑡 = 0 the initial elastic stretch in fiber direction equals the respective homeostatic
stretch which means that no mechano-regulated remodeling takes place at the start of the simulation. In
general, remodeling in the ground matrix is assumed to be very slow, similar to the one of elastin in
arteries, and thus neglected. By contrast, remodeling in the collagen fibers is much faster and therefore
included in the simulation with a remodeling time constant 𝑇 𝑐𝑜 = 24.5 𝑑𝑎𝑦𝑠 in (12). We assume that at
time 𝑡 = 0 inflammatory processes start in the tissue, leading to deposition of additional mass, which is
modeled herein as a special constituent of the constrained mixture with a referential mass density 𝜚𝐼0 (𝑡)
that increases from zero at time 𝑡 = 0 to a value equal to the initial referential mass density of the healthy
tissue at time 𝑡 = 6 weeks. That is, within 6 weeks the total tissue mass is assumed to increase by a factor
of two. Mass changes of the ground matrix and the collagen fibers happen on a very slow time scale
compared to the mass changes due to inflammation and are therefore neglected in our simulation by
choosing 𝒌𝑖𝜎 = 𝟎 for these constituents in (26). The additional mass deposited due to inflammation is
assumed to be not load-bearing and does thus not appear in (29). To mimic the boundary conditions in
vivo both ends of the idealized tendon are fixed in axial direction.
In Figure 6(a) we compare the initial geometry (opaque) with the geometry at time 𝑡 = 30 weeks
(transparent) when both mass deposition due to inflammation and the resulting remodeling of the
collagen fibers are (largely) finished as apparent from Figure 6(b). Figure 6(b) shows the total collagen
𝑗

fiber stretch in axial and the two transverse directions compared to their inelastic counterparts 𝜆𝑔𝑟 =
𝑗
𝑗𝑇 𝑗
√𝑨𝑗0 ⨂𝑨𝑗0 ∶ 𝑪𝑗𝑔𝑟 with 𝑪𝑔𝑟
= 𝑭𝑔𝑟 𝑭𝑔𝑟 .

Growth and remodeling illustrated in Figure 6 can be understood as follows. Due to the elastic
deformation induced by volumetric growth over the first six weeks, collagen fiber stress increases.
Following Eq. (12), the associated elastic fiber stretch is converted by remodeling into an inelastic stretch
𝑖 This inelastic fiber relaxation continues until the original homeostatic stress level in each collagen fiber
𝜆𝑔𝑟
family is restored. In Figure 6(b) we can see that this is for the transverse collagen fiber families by and
large the case for 𝑡 ≥ 20 weeks. Altogether the deposition of additional mass due to inflammation leads
for 𝑡 ≥ 20 weeks to a state where the cross section of the tendon has significantly grown. At the same
time elastic stress in axial direction is on the same level as before. That is, the deposition of additional
ground matrix has not induced a loss of axial tension in the tendon, which appears physiologically
reasonable. We note that standard isotropic growth models are not able to reproduce this behavior.
Rather in such models the growth of the tendon cross-section would necessarily be associated with
considerable a loss of tension in axial direction for which, to the authors’ best knowledge, so far no
experimental evidence has been reported. While we have shown in this section that our growth model
produces also for tendons results that appear physiologically reasonable, we also underline we have not
been able to support our computational results by a quantitative comparison with experimental data due
to a lack of such data in the literature. Performing such a quantitative comparison in collaboration with
clinicians would be an important step to further evaluate the validity of the theory developed herein.
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Figure 6: (a ) a xial section (left) and cross section (right) of initial geometry (opaque) vs . geometry a t time 𝒕 = 𝟑𝟎 weeks after
deposition of additional mass due to i nflammation a nd remodeling of the collagen fibers (tra nsparent).. Volumetric growth and
remodeling gives rise to a n equal dilatation of the volume in both directions perpendicular to the axis of the tendon. (b) Total
𝒄𝒐(𝟗𝟎°)
(𝝀𝒄𝒐(𝟎°)
) a nd i nelastic collagen fiber s tretch (𝝀𝒄𝒐(𝟎°)
, 𝝀𝒄𝒐(𝟗𝟎°)
) i n the two main transverse directions a nd total (𝝀𝒄𝒐(𝒂𝒙)
)
𝒈𝒓
𝒈𝒓
𝒕𝒐𝒕 , 𝝀𝒕𝒐𝒕
𝒕𝒐𝒕
a nd i nel a s ti c (𝝀𝒄𝒐(𝒂𝒙)
) col l a gen fi ber s tretch i n a xi a l di recti on over ti me.
𝒈𝒓

5.3 Volumetric growth in (nearly) isotropic tissues
In rope-like tissues such as tendons and ligaments, stiffness in axial direction is around two orders of
magnitude higher than in transverse direction (Yin and Elliott 2004). In membrane-like tissues such as
blood vessels, stiffness in wall-thickness direction is around two orders of magnitude lower than in the
other directions (Wilson, Baek et al. 2013). In addition to these two categories, there are also soft tissues,
which exhibit a nearly isotropic stiffness. For example, the stiffness of liver lobules exhibits only a mild
anisotropy with one direction by just around a factor of two stiffer than the other two directions (Chui,
Kobayashi et al. 2007). In tissues with (nearly) isotropic stiffness we expect from the discussion in section 4
(nearly) isotropic volumetric growth and remodeling. To demonstrate this, we performed computer
simulations of volumetric growth with the following isotropic strain energy function:
𝑔𝑟

𝜚 (𝑡)
1
𝜈 𝑔𝑟
(
(|
(
)|))
(|𝑭 (𝑡)| − 1) 2 ]
𝛹 = 𝑔𝑟0
𝐸 𝑔𝑟 [
𝐼
−
3
−
2
ln
𝑭
𝑡
+
1
4(1 + 𝜈 𝑔𝑟 )
2(1 + 𝜈 𝑔𝑟 )(1 − 2𝜈 𝑔𝑟 )
𝜚0 (𝑡 = 0)
1 𝜚𝑐𝑜 (𝑡)
𝑐𝑜
2
#
+ 𝑐𝑜 0
𝐸 𝑐𝑜 [(𝑴𝑐𝑜
𝑖𝑠𝑜 ∶ 𝑪𝑒 ) − 1] + 𝛹 .
2 𝜚0 (𝑡 = 0)

(30)

The first Neo-Hookean summand on the right hand side represents the ground matrix (constituent
superscript gr) with the elastic modulus 𝐸 𝑔𝑟 = 1 Pa and Poisson’s ratio 𝜈 = 0.3. The second quadratic
summand on the right-hand side represents the collagen fibers (constitutent superscript co) with the
𝑐𝑜
elastic modulus 𝐸 𝑐𝑜 = 10 Pa and structural tensor 𝑴𝑐𝑜
𝑖𝑠𝑜. By defining 𝑴𝑖𝑠𝑜 as a diagonal tensor with each
term equal to 1/3, the quadratic function in Eq. (30) represents an isotropic fiber distribution. Again the
penalty function 𝛹 # from (10) is used with a penalty parameter 𝜀 = 1 kPa.
In such a tissue, we model a growth process similar to the one studied in section 5.2. That is, we increase
the total referential mass density 𝜚0 (𝑡) by a factor of two over 10 weeks and assume that the newly
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deposited mass is not load-bearing and does therefore not appear in the strain energy in Eq. (30).
Additionally, we only consider remodeling of collagen fibers and neglect mass changes of the ground
𝑔𝑟
matrix and the collagen fibers, that is, 𝒌𝜎 = 𝒌𝑐𝑜
𝜎 = 𝟎 in (11). We use a spheroidal initial geometry with
radius 𝑅.
The result of the computer simulation of volumetric growth under these conditions is shown in Figure 7.
As expected for a material with isotropic stiffness, the initially spheroidal body grows isotropically (see
Figure 7(a)). Figure 7(b) shows that remodeling of the collagen fibers converts the elastic stretch induced
by volumetric growth into an inelastic fiber stretch and after some time of adaptation. A new homeostatic
state is reached in which the collagen fiber stress largely equals the homeostatic value again after around
30 weeks.
The computational example in this section was motivated by the problem of volumetric growth and
remodeling in the liver or small tumors. Both kinds of tissue exhibit a nearly isotropic stiffness (Chui,
Kobayashi et al. 2007, Jain, Martin et al. 2014) and in both volumetric growth is frequently observed. In
the liver, this volumetric growth is associated with the pathology of hepatic steatosis, where fat
accumulates in the liver cells. Clinically, one observes that both during tumor growth and in hepatic
steatosis the tissue volume typically expands in all spatial directions approximately equally. Interestingly,
this is exactly what one would expect from (23) and the discussion in section 4 for tissues with (nearly)
isotropic stiffness. Saying this, we emphasize that we only point here at a surprising agreement between
our theory and clinical observations in small tumors and the liver. We do, however, at this point not claim
that the theory developed herein can fully explain volumetric growth and remodeling in small tumors or
the liver. The reason for our caution is that the theory developed herein is crucially based on the
assumption that microstructural reorganization (remodeling) is mainly governed by the principle of
tensional homeostasis. While this idea is widely accepted for load-bearing soft tissues such as blood
vessels, tendons or ligaments, it is so far unclear, to which extent (or whether at all) it is also applicable
to tumor and liver tissue. At the same time, mass transport, the theory of porous media and some other
more advanced aspects of modeling are neglected herein. These may, however, play important roles in
the liver and tumors (Grillo, Federico et al. 2012, Mascheroni, Carfagna et al. 2018). Therefore, statements
about the relation between the computational example in this section and growth and remodeling in the
liver and small tumors should be made with great caution at this point. Hence, we limit our statement to
simply pointing at the remarkable agreement between the results of our model and clinical observations
made for liver or tumor growth.
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Figure 7: (a ) vol umetric growth i n a spheroidal tissue with isotropic s tiffness i s isotropic, that is, i t maps the i nitial geometry
(opa que) on a dilated s phere (tra nsparent). (b) Total stretch 𝝀𝒄𝒐
𝒕𝒐𝒕 = 𝑹(𝒕)/𝑹(𝒕 = 𝟎) with ra dius 𝑹 of the sphere and inelastic
col l a gen fi ber s tretch 𝝀𝒄𝒐
𝒈𝒓 over ti me.

6 Discussion
Most previous work tries to capture volumetric growth in soft biological tissues by way of an inelastic part
of the deformation gradient often referred to as growth tensor. This always leads to the important
question how to define such a tensor, in particular its anisotropy. Unfortunately, there is so far no
satisfactory answer to this question and thus most work relies on heuristic ad-hoc assumptions. To
overcome this problem, we herein introduced a completely different approach. Our approach is based on
two simple hypotheses. The first hypothesis is that during volumetric growth the total mass density of the
tissue remains constant so that deposition of additional mass is automatically associated with an increase
of tissue volume. The second hypothesis is that any reorganization of the elastic microstructure of the
tissue, termed herein as remodeling, is governed by a single principle, the principle of tensional
homeostasis. This principle has been identified over the last two decades by numerous studies as a key
principle of soft tissue mechanobiology. It is therefore general rather than specific for a particular kind of
soft tissue. In section 4 we demonstrated that the above two simple hypotheses directly give rise to what
one may consider a natural anisotropy of volumetric growth and remodeling. That is, in the absence of
any additional confounding factors volumetric growth and remodeling will, as a rule of thumb, result in
an expansion of differential tissue volume elements mainly in the direction(s) of lowest stiffness. In
section 5 we demonstrated that this natural anisotropy of volumetric growth and remodeling agrees very
well with the anisotropy observed experimentally in a variety of different soft tissues ranging from blood
vessels over tendons to tissues with a rather isotropic stiffness.
This means that the new approach introduced herein can explain the anisotropy of volumetric growth and
remodeling observed experimentally in a host of different tissues from just two simple and general
hypotheses, which are both supported by experimental observations and which are applicable to a large
range of load-bearing collagenous soft biological tissues. In opposition to that, previous models of growth
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and remodeling based on the concept of an inelastic growth tensor had to come up for each specific kind
of tissue with a tissue-specific definition of this growth tensor which was usually of a rather heuristic kind
and not based on general or fundamental principles.
The growth theory developed herein has an interesting consequence regarding adaptation of living tissues
to external loading. It is well-known that fibers in living tissues have a natural tendency to rotate into the
direction of mechanical loading. This naturally increases stiffness in loading direction. The theory
developed herein then predicts that deposition of additional mass will automatically happen mainly in
compliant tissue direction(s), that is, mainly perpendicular to the loading direction(s), whi ch automatically
increases the load-bearing cross section and thereby the strength of the tissue in the most efficient way.
The natural relation between stiffness and growth, which is the main result of this article, may help to
understand better not only growth and remodeling during mechano-adaptation of adult tissues but also
during morphogenesis. Especially during morphogenesis it remains hard to measure and also hard to
model the complex and often anisotropic changes of the tissue geometry. The theory developed herein
may offer a simple way to understand and predict these changes from stiffness, which is a quantity that
can be measured and modeled often quite accurately. This means that further attempts to model the
stiffness of biological tissues more accurately, following for example (Gasser, Ogden et al. 2006, Vasta,
Gizzi et al. 2014, Gizzi, Pandolfi et al. 2016, Niestrawska, Viertler et al. 2016, Gizzi, Pandolfi et al. 2017,
Holzapfel and Ogden 2017), might in the future also be very helpful to understand better complex patterns
of volumetric growth.
While the results shown in the examples section of this paper are promising, further studies are definitely
required in order to decide to which extent the theory developed in this paper can capture the physiology
of volumetric growth in different soft tissues realistically. Moreover, it might be an interesting avenue of
future research to extend the theory developed herein such that it includes also the biochemical processes
and transport processes that drive volumetric growth in biological tissues, for example along the lines of
(Grillo, Federico et al. 2012, Marino, Pontrelli et al. 2017, Mascheroni, Carfagna et al. 2018).
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Appendix A
In this appendix we demonstrate how to solve the constrained minimization problem (24) analytically. To
this end, we introduce a Lagrangian multiplier 𝜆 so that the constrained minimization problem can be
reduced to an unconstrained minimization of the Lagrange functional
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ℒ( 𝑫∗𝐺 , 𝜆∗ ) = 𝑫𝐺 ∶

̅
𝜕2Ψ
𝜚̇ 0
]
2 ∶ 𝑫𝐺 + 𝜆 [ 𝑡𝑟(𝑫𝐺 ) −
𝜕 𝑪𝐸
𝜚0

(31)

Finding a minimum (or maximum) of (31) is equivalent to finding a stationary point of the Lagrange
functional ℒ. Let at this stationary point 𝑫𝐺 and 𝜆 take on the values 𝑫∗𝐺 and 𝜆∗, respectively. Then
̅
𝜕ℒ
𝜕2Ψ
(𝑫∗𝐺 , 𝜆∗ ) = 2 2 ∶ 𝑫∗𝐺 + 𝜆∗ 𝑰 = 𝟎,
𝜕𝑫𝐺
𝜕 𝑪𝐸
𝜕ℒ ∗ ∗
𝜚̇
(𝑫𝐺 , 𝜆 ) = tr(𝑫∗𝐺 ) − 0 = 0.
𝜕𝜆
𝜚0

(32)
(33)

(32) yields
1
̅ ∶ 𝑰.
𝑫∗𝐺 = − 𝜆∗ 𝕊
2

(34)

with the fourth-order compliance tensor
̅
𝜕2Ψ
̅ = [ 2]
𝕊
𝜕𝑪𝐸

−𝟏

.

(35)

Using (34) in (33) gives
2𝜚̇ 0
,
̅
tr(𝕊 ∶ 𝑰 ) 𝜚0

(36)

𝜚̇ 0
̅
𝕊∶ 𝑰
̅
(
tr 𝕊 ∶ 𝑰 ) 𝜚0

(37)

𝜆∗ = −
and using (36) in (34)
𝑫∗𝐺 =

Note that 𝑫∗𝐺 marks a minimum rather than a maximum of ℒ and thereby of the elastic energy cost by
̅ ⁄𝜕𝑪2𝐸 assumed herein.
volumetric growth due to the positive definiteness of the stiffness 𝜕 2 Ψ

Appendix B
In this appendix we summarize all relevant parameters and equations required to reproduce the
simulations shown in the examples section 5. In section 5.1.1 and section 5.1.2 we model the arterial wall
as a constrained mixture of elastin, circumferential smooth muscle and, unlike to (Braeu, Seitz et al. 2017),
five collagen fiber families. (Schriefl, Zeindlinger et al. 2012) showed that the orientation of collagen fibers
is in general not perfectly aligned with the tangential plane of the aortic wall but rather may exhibit also
a small radial component. To account for this phenomenon, we included in the constitutive model of the
wall an additional collagen fiber family in wall thickness direction with a small reference mass density. In
the following, the superscripts 𝑒𝑙, 𝑐𝑜, and 𝑠𝑚 are used for quantities referring to elastin, collagen, and
smooth muscle, respectively. The total strain energy of elastin per unit mass is assumed to be given by
the sum
𝑒𝑙
𝑒𝑙
𝑊 𝑒𝑙 = 𝑊2𝐷
+ 𝑊3𝐷
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(38)

with the isotropic two-dimensional Neo-Hookean strain energy function
𝑒𝑙
𝑊2𝐷
=

𝜇 𝑒𝑙
1
2𝐷
∥
[𝑪𝑒𝑙
− 3].
𝑒 : 𝑨𝑔𝑟 +
∥
∥
⊥
2
|𝑨𝑔𝑟
𝑪𝑒𝑙
𝑒 𝑨𝑔𝑟 + 𝑨𝑔𝑟 |

(39)

𝒓𝒂𝒅
𝑟𝑎𝑑
𝒓𝒂𝒅
Here 𝜇 𝑒𝑙
2𝐷 is a stiffness parameter, 𝑨𝒈𝒓 = 𝒂𝑔𝑟 ⨂𝒂𝑔𝑟 the structural tensor in wall thickness direction
𝒓𝒂𝒅 the unit vector in wall thickness direction in the intermediate configuration of elastin, 𝑨∥ =
with 𝒂𝑔𝑟
𝑔𝑟
𝒓𝒂𝒅
𝒓𝒂𝒅
𝑰 − 𝒂𝑔𝑟 ⨂𝒂𝑔𝑟 is the structural tensor for the axial-circumferential plane in the vessel wall. The second
strain energy contribution of elastin is the compressible isotropic three-dimensional Neo-Hookean strain
energy
𝑒𝑙
𝑊3𝐷
=

𝐸 𝑒𝑙
𝐸 𝑒𝑙 𝜈𝑒𝑙
2
𝑒𝑙 ) − 3 − 2 ln(|𝑭 𝑒𝑙 (𝑡)|)) +
𝑒𝑙 (𝑡)| − 1)
(
(|
(tr
𝑪
𝑭
𝑒
𝑒
𝑒
4(1 + 𝜈 𝑒𝑙 )
2 (1 + 𝜈 𝑒𝑙 )(1 − 2𝜈 𝑒𝑙 )

(40)

with the specific elastic modulus 𝐸 𝑒𝑙and Poisson’s ratio 𝜈 𝑒𝑙. The strain energy per unit mass of each
collagen fiber family is modeled with a Fung-type exponential function
𝑊 𝑐𝑜

𝑘1𝑐𝑜 𝑘𝑐𝑜(𝐼𝑐𝑜−1)2
= 𝑐𝑜 (𝑒 2 𝑎
− 1)
2𝑘 2

(41)

𝑐𝑜
with material parameters 𝑘1𝑐𝑜 and 𝑘 𝑐𝑜
2 , and 𝐼𝑎 the square of the elastic stretch of the respective collagen
fiber family. The strain energy of smooth muscle per unit mass is the sum
𝑠𝑚 + 𝑊 𝑠𝑚
𝑊 𝑠𝑚 = 𝑊𝑝𝑎𝑠
𝑎𝑐𝑡

(42)

of a passive Fung-type part
𝑠𝑚 =
𝑊𝑝𝑎𝑠

𝑘1𝑠𝑚
𝑠𝑚
2
𝑘 𝑠𝑚
2 ( 𝐼𝑎 −1) − 1)
𝑠𝑚 (𝑒
2𝑘 2

(43)

𝑠𝑚
with material parameters 𝑘1𝑠𝑚 and 𝑘 𝑠𝑚
2 , and 𝐼𝑎 the square of the elastic stretch of the smooth muscle
fiber family, and an active part
𝑠𝑚
𝑊𝑎𝑐𝑡
=

𝑠𝑚
𝑠𝑚 3
𝜎𝑎𝑐𝑡𝑚
1 (𝜆𝑠𝑚
𝑚 − 𝜆𝑎𝑐𝑡 )
(𝜆𝑠𝑚
+
𝑠𝑚 2 )
𝜚0 (𝑡 = 0) 𝑎𝑐𝑡 3 (𝜆𝑠𝑚
𝑚 − 𝜆0 )

(44)

𝑠𝑚
𝑠𝑚
𝑠𝑚
with 𝜆𝑠𝑚
𝑎𝑐𝑡 the active stretch in fiber direction, 𝜎𝑎𝑐𝑡𝑚 the maximal active Cauchy stress, and 𝜆𝑚 and 𝜆0
𝑠𝑚 = 1⁄𝜆𝑠𝑚
the active stretches at maximum and zero active stress. Herein, we assume that 𝜕𝜆𝑠𝑚
𝑎𝑐𝑡⁄𝜕𝜆
𝑠𝑚
with 𝜆 the total stretch of the smooth muscle fibers compared to the reference configuration, which is
important to calculate the stress resulting from (44). Additionally, we add a penalty-type strain energy as
given in Eq. (10) with the penalty parameter given in Table 1. In section 5.1.2 the vessel is initially in
equilibrium and all fibers are in a homeostatic state. At time 𝑡 = 0 this homeostatic state is perturbed by
spatially distributed damage to the elastin layer that progresses over time with the damage rate

𝐷̇ 𝑒𝑙 (𝑿,𝑡) = −

1 𝑒𝑙
𝐷𝑚𝑎𝑥
𝑋3 2
𝑡
(
)
[
(
) ] exp [−
]]𝜚𝑒𝑙 (𝑿, 0)
𝜚
𝑿,
𝑡
−
[
exp
−0.5
0
𝑒𝑙
𝑇
𝑡𝑑𝑎𝑚
𝐿𝑑𝑎𝑚
𝑡𝑑𝑎𝑚 0

(45)

where a coordinate system is used with the origin in the center of the cylinder and the 𝑋3 -axis aligned
with the symmetry axis of the cylinder. Table 1 summarizes the simulation parameters used both in
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section 5.1.1 and section 5.1.2. The parameters that differ between section 5.1.1 and section 5.1.2 are
presented separately in Table 2 and Table 3.

Mesh
8-noded hexahedral l inear finite
el ements
F-ba r method to a voi d l ocking
(de Souza Neto, Perić et al. 1996)
165,888

El ement type
El ement technol ogy
Number of el ements
Geometry / Load
Inner ra di us of cyl i nder
Wa l l thi cknes s of cyl i nder
Length of cyl i nder
Bl ood pres s ure on i nner wa l l of cyl i nder
Material parameters
El a s ti n: 2D Neo-Hookea n pa ra meter
El a s ti n: 3D Neo-Hookea n el a s ti c modul us
El a s ti n: 3D Neo-Hookea n Poi s s on’s ra ti o
Col l a gen: Fung exponenti a l pa ra meters

𝑅
𝐻
𝐿
𝑝
𝜇 𝑒𝑙
2𝐷
𝐸 𝑒𝑙
𝜈 𝑒𝑙
𝑘 𝑐𝑜
1
𝑘 𝑐𝑜
2
𝑘 𝑠𝑚
1
𝑘 𝑠𝑚
2
𝑠𝑚
𝜎𝑎𝑐𝑡𝑚
𝜆𝑠𝑚
0
𝜆𝑠𝑚
𝑚
𝜆𝑠𝑚
𝑎𝑐𝑡
𝜀

Smooth mus cl e: pa s s i ve contri buti on
Smooth mus cl e: a cti ve contri buti on

Pena l ty pa ra meter
Initial reference mass densities
El a s ti n
Col l a gen: ci rcumferenti a l
Col l a gen: a xi a l

𝜚𝑒𝑙
0 (𝑡 = 0 )
𝑐𝑜(𝑐𝑖𝑟)
(𝑡 = 0 )
𝜚0
(
𝜚𝑐𝑜(𝑎𝑥)
𝑡 = 0)
0
𝑐𝑜(𝑑𝑖𝑎𝑔)
(𝑡 = 0), 𝜚𝑐𝑜(−𝑑𝑖𝑎𝑔)
(𝑡 =
𝜚0
0
(
)
𝜚𝑐𝑜(𝑟𝑎𝑑)
𝑡
=
0
0
𝜚𝑠𝑚
0 (𝑡 = 0 )

10 mm
1.41 mm
180mm
100 mmHg
∈[71 ; 104] J/kg
72 J/kg
0.3
568 J/kg
11.2
7.6 J/kg
11.4
54 kPa
0.8
1.4
1
150 kPa
241.5 kg/m3
61.845 kg/m3
61.845 kg/m3

Col l a gen: di a gona l
0) 247.38 kg/m3
Col l a gen: ra di a l
32.55 kg/m3
Smooth mus cl e
157.5 kg/m3
Tota l i ni ti a l reference ma s s dens i ty
(
)
𝜚0 𝑡 = 0
1050 kg/m3
Growth and remodeling parameters
El a s ti n: mea n l i fe ti me
𝑇 𝑒𝑙
101 yea rs
El a s ti n: ga i n pa ra meter
𝑘 𝑒𝑙
0
𝜎
Initial elastic stretch (equal to homeostatic stretch / deposition stretch for collagen and smooth muscle)
(𝑡 = 0 )
El a s ti n: a xi a l di recti on
𝜆𝑒𝑙(𝑎𝑥)
1.25
𝑒
𝑒𝑙(𝑐𝑖𝑟)(
)
El a s ti n: ci rcumferenti a l di recti on
𝜆𝑒
𝑡=0
1.34
(
)
El a s ti n: ra di a l di recti on
𝜆𝑒𝑙(𝑟𝑎𝑑)
𝑡
=
0
∈[0.29 ; 0.51]
𝑒
Col l a gen (i n fi ber di recti on)
(
)
1.062
𝜆𝑐𝑜
𝑡
=
0
𝑒
(
)
Smooth mus cl e (i n fi ber di recti on)
𝜆𝑠𝑚
𝑡
=
0
1.10
𝑒
Table 1: Sha red simulation parameters of the i dealized cyl indrical blood vessel s tudied i n s ection 5.1.1 a nd 5.1.2. To distinguish
between the different collagen fi ber fa milies we us e, when a ppropriate, s uperscripts co(ax), co(cir), co(diag), co(-diag), and
co(rad) for ci rcumferential, a xial, diagonal, a nd ra dial collagen fibers. The homeostatic s tretch i n fi ber direction of collagen and
s mooth muscle equals the elastic s tretch i n the initial configuration. To ensure mechanical and mechanobiological equilibrium in
𝒆𝒍(𝒓𝒂𝒅)(
the i nitial configuration the parameters 𝝁 𝒆𝒍
𝒕 = 𝟎) a re va ried in the initial configuration in wall thickness direction
𝟐𝑫 a nd 𝝀 𝒆
a ccordi ng to the procedure des cri bed i n Appendi x A of (Bra eu, Sei tz et a l . 2017).

25

Simulation
Ti me s tep s i ze
∆𝑡
0.34 da ys
Load
Mea n bl ood pres s ure jump
∆𝑝
80 mmHg
Growth and remodeling parameters
Col l a gen/ Smooth mus cl e: turnover ti me
7 da ys
𝑇 𝑐𝑜 = 𝑇 𝑠𝑚
𝑠𝑚
Col l a gen/ Smooth mus cl e: ga i n pa ra meter
𝑘 𝑐𝑜
=
𝑘
[0.22, 0.28, 0.34]/𝑇 𝑐𝑜
𝜎
𝜎
Table 2: Addi tional s imulation parameters for the i dealized cyl indrical blood vessel s tudied i n s ection 5.1.1.

Simulation
Ti me s tep s i ze
∆𝑡
5 da ys
Growth and remodeling parameters
Col l a gen/ Smooth mus cl e: turnover ti me
101 da ys
𝑇 𝑐𝑜 = 𝑇 𝑠𝑚
𝑠𝑚
Col l a gen/ Smooth mus cl e: ga i n pa ra meter
𝑘 𝑐𝑜
=
𝑘
0.05/𝑇 𝑐𝑜
𝜎
𝜎
Damage parameters in model aneurysm
Da ma ge s prea d i n s pa ce
10 mm
𝐿𝑑𝑎𝑚
Da ma ge s prea d i n ti me
𝑡𝑑𝑎𝑚
40 da ys
Ma xi ma l da ma ge
𝐷𝑚𝑎𝑥
0.5
Table 3: Addi tional s imulation parameters for the i dealized cyl indrical blood vessel s tudied i n s ection 5.1.2.

In section 5.2, we studied the growth of an idealized tendon due to inflammation. The size of the geometry
was motivated by values reported in the literature for Achilles tendons. To model the elastic behavior of
tendons at least qualitatively we used the strain energy function from (30) and the simulation parameters
summarized in Table 4.
Simulation
Ti me s tep s i ze
Mesh
El ement type

∆𝑡

3 da ys
8-noded hexahedral finite elements
F-ba r method to a voi d l ocking
(de Souza Neto, Peri ć et a l . 1996)
384

El ement technol ogy
Number of el ements
Geometry
Wi dth

𝐵

Thi cknes s

𝐻

Length
Reference mass densities
Hea l thy ti s s ue
Ma s s produced due to i nfl a mma ti on
Material parameters

𝐿

𝜚𝐼0 (𝑡

𝜚𝐻
0 (𝑡 ) = 𝑐𝑜𝑛𝑠𝑡
> 6 𝑤𝑒𝑒𝑘𝑠) = 𝑐𝑜𝑛𝑠𝑡

Ground matrix: Neo-Hookean shear parameter

𝐺

Col l a gen: ma s s fra cti on i n a xi a l di recti on
Col l agen: mass fraction i n tra nsverse directions
Col l a gen: s ti ffnes s pa ra meter
Pena l ty pa ra meter
Remodeling parameters
Ground ma tri x: mea n l i fe ti me

𝜑 𝑐𝑜(𝑎𝑥)
𝜑 𝑐𝑜(0°), 𝜑 𝑐𝑜(90°)
𝐸

𝜀
𝑇𝑚
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13.3 mm
(Mel lo, Marchiori et al. 2006)
4.3 mm
(Aydın, Fi lippucci et a l. 2014)
100 mm
1050 kg/m3
1050 kg/m3
13.85 MPa
(Wei ss, Ma ker et a l. 1996)
90 %
5%
125 MPa
300 MPa
101 yea rs

Col l a gen: turnover ti me
𝑇 𝑐𝑜
Initial elastic stretch (equal to homeostatic stretch / deposition stretch)
Col l a gen (i n fi ber di recti on)
𝜆𝑐𝑜
𝑒 (𝑡 = 0 )
Table 4: Si mulation parameters of the simplified tendon model studied in section 5.2.

24.5 da ys
1.062

In section 5.3 we studied growth of a spheroidal tissue with the simulation parameters from Table 5.
Simulation
Ti me s tep s i ze
Mesh
El ement type

∆𝑡

El ement technol ogy
Number of el ements
Geometry
Ini ti a l ra di us
𝑅
Reference mass densities
Hea l thy ti s s ue
𝜚𝐻
0 (𝑡 ) = 𝑐𝑜𝑛𝑠𝑡
𝐷(
Newl y depos i ted ma s s
𝜚0 𝑡 > 10 𝑤𝑒𝑒𝑘𝑠) = 𝑐𝑜𝑛𝑠𝑡
Material parameters
Ground ma tri x: e l a s ti c modul us
𝐸
Ground ma tri x: Poi s s on’s ra ti o
𝜈 𝑔𝑟
Col l a gen: s ti ffnes s pa ra meter
𝐸 𝑐𝑜
Pena l ty-type functi on
𝜀
Remodeling parameters
Ground ma tri x: mea n l i fe ti me
𝑇𝑚
Col l a gen: turnover ti me
𝑇 𝑐𝑜
Initial elastic stretch (equal to homeostatic stretch / deposition stretch)
Col l a gen (i n fi ber di recti on)
𝜆𝑐𝑜
𝑒 (𝑡 = 0 )
Table 5: Si mulation parameters of the s pheroidal tissue s tudied i n s ection 5.3.

7 da ys
8-noded hexahedral finite elements
F-ba r method to a voi d l ocking
(de Souza Neto, Peri ć et a l . 1996)
2048
10 mm
1050 kg/m3
1050 kg/m3
1 Pa
0.3
10 Pa
1 kPa
101 yea rs
1 yea r (Decaris, Emson et a l . 2015)
1.062
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