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ABSTRACT – In this work, a model capturing anisotropic hardening during plastic deformation
under monotonic loading is proposed. For this purpose, the anisotropic plastic potential
coefficients are assumed to be functions of a measure of the accumulated plastic strain. This
model is applied to describe the plastic behavior of a magnesium alloy (ZM21) sheet at room
temperature. The selected plastic potential accounts for the main features of Mg alloy plasticity,
i.e., anisotropy and strength-differential (SD) effects. All the accumulated plastic strain dependent
coefficients of the phenomenological model are determined from input data generated with a
crystal plasticity approach. They are optimized to best capture the accumulated strain dependent
potentials computed with crystal plasticity. The r value (Lankford coefficient) anisotropy is used
as an independent measure for the assessment of the approximation quality. This model is
implemented into a finite element (FE) code and successfully validated through the numerical
simulations of the cup drawing test. The calculated earing profile obtained with the proposed
hardening model is compared to those assuming isotropic hardening for various plausible shapes
of the plastic potential. Although the ear and through numbers and positions are similar in all
cases, the height differences between peaks and valley are strongly dependent on the type of
constitutive approach used in the simulation.
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Introduction
Magnesium alloys have attracted attention in recent years as lightweight materials
for the transportation industry. Indeed, the low density of magnesium and its
relatively high specific strength make it an excellent candidate for applications in
transportation industries, where saving of structural weight and reduction of fuel
consumption are common challenges. A broad application of wrought magnesium
alloys in modern vehicles and consumer goods requires reliable simulation tools
for predicting the forming capabilities, the structural behavior under mechanical
loads and the lifetime of the component. The respective constitutive models have
to account for several peculiarities of the mechanical behavior: Its pronounced
strength differential effect (different yielding in tension and compression) at low
homologous temperatures and its strong deformation anisotropy [1, 2]. Both
demand for non state-of-the-art simulation techniques.
The mechanical behaviour of metals with hexagonal closed packed (hcp) crystal
structure differs considerably from that of metals with fcc and bcc crystal
structures. Due to the low-symmetry of the crystal, independent slip systems
necessary for plastic deformation are not easily activated at room temperature.
Hence, twinning occurs as an alternate deformation mechanism. In general, the
limited amount of slip systems limit ductility and formability [3]. Rolled
magnesium sheets usually show a strong basal texture, and therefore exhibit the
mentioned mechanical properties.
Crystal plasticity provides an appropriate tool for studying these phenomena on a
micro-scale [4-8]. This approach requires detailed information on the local
deformation mechanisms and the respective constitutive properties as well as on
the distribution of crystallographic orientations of individual grains resulting from
texture. Crystal plasticity (CP) is an adequate model for understanding the micromechanisms of plastic deformations in hcp metals and for predicting their
macroscopic properties [9]. However, for computation time considerations, it is
obviously an improper approach to be applied for real-part forming simulations.
The latter requires phenomenological modelling in the framework of continuum
mechanics and the finite element (FE) method. Following the work of Graff et
al.[9], the description of yield surfaces for magnesium as proposed by Cazacu and
Barlat [10] has been adopted and extended with respect to a phenomenological
description of direction-dependent hardening.
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Constitutive behaviour
Anisotropy and Strength Differential Effect in Plasticity
Constituent elements of any theory of plasticity are the yield condition, the flow
rule and hardening laws. The yield condition

ϕ (σ ij ) = 0 ,

(1)

separates purely elastic from elasto-plastic states, where ϕ (σ ij ) ≤ 0 is the yield
function or plastic potential in the case of an associated flow rule. For isotropic,
pressure insensitive materials, the yield function must not depend on the choice of
the coordinate system. This implies that it may depend on the 2nd and 3rd
principal invariant of the deviatoric stresses,

J 2 (σ ij′ ) =

1
2

(σ ik′ σ ki′ )

J 3 (σ ij′ ) = det(σ ij′ ) = 13 σ ij σ jk σ ki

(2)

only. A particular phenomenon, namely the asymmetry of the yield surface with
respect to tension and compression (strength differential effect), can be captured
by means of the J3. If the yield condition is an even function of the principal
stresses, the yield stresses in tension and compression are equal. Tensioncompression asymmetry can be captured using

ϕ ( J 23 2 − cJ 3 ) = τ Y3

(3)

[10, 11], where τ Y is the shear yield stress and the range of the coefficient c is
limited by the convexity condition.
The changes of the yield surface with loading history is addressed as hardening
and generally described by scalar and tensorial internal variables, which follow
specific evolution laws. Commonly, the number of internal variables is restricted
to two, namely the accumulated (equivalent) plastic strain,
t

ε p = ∫ ε pdτ ,
0

(4)

and the deviatoric back stress tensor. The latter will not be considered here.
Anisotropic yielding requires the appropriate modification of the equivalent stress,
which of course will not be invariant with respect to an arbitrary rotation of the
3

coordinate system any more but only with respect to the specific material
symmetry axes. The model proposed by Cazacu and Barlat [10], developed in the
frame of the tensor representation approach, captures orthotropy as well as
asymmetry in yielding in pressure-insensitive metals by generalisations of the
second and third deviatoric invariants, J 2 and J 3 :

(J )

orth 3 2
2

− cJ 3orth − τ Y3 = 0 .

(5)

Here, τY is some fictitious yield strength in shear. The generalisations of J 2 and
J 3 to orthotropy are given by
2
2
2
J 2orth = 16 ⎡ a1 (σ 11 − σ 22 ) + a2 (σ 22 − σ 33 ) + a3 (σ 33 − σ 11 ) ⎤
⎣
⎦
+3 ( a4σ 12 + a5σ 23 + a6σ 13 )

( b1 + b2 ) σ 113 + 271 ( b3 + b4 ) σ 223 + 271 ⎡⎣ 2 ( b1 + b4 ) − ( b2 + b3 ) ⎤⎦ σ 333 +
2
− 19 ( b1σ 22 + b2σ 33 ) σ 112 − 19 ( b3σ 33 + b4σ 11 ) σ 22
−
− 19 ⎡⎣( b1 − b2 + b4 ) σ 11 + ( b1 − b3 + b4 ) σ 22 ⎤⎦ σ 332 + 92 ( b1 + b4 ) σ 11σ 22σ 33 +
,
+ 13 ⎡⎣( 2b10 − b5 ) σ 11 + b5σ 22 − 2b10σ 33 ⎤⎦ σ 122 +
2
+ 13 ⎡⎣ − ( b6 + b7 ) σ 11 + b6σ 22 + b7σ 33 ⎤⎦ σ 23
+
+ 13 ⎡⎣( 2b9 − b8 ) σ 11 − 2b9σ 22 + b8σ 33 ⎤⎦ σ 132 + 2b11σ 12σ 23σ 13

J 3orth =

(6)

1
27

(7)

with ai and bi being (constant) model parameters. The yield strength in shear, τY,
is related to a respective uniaxial tensile strength, σY, of a fictitious isotropic
material by
13

⎛ 3 3 − 2c ⎞
τ Y = ⎜⎜
⎟⎟ σ Y ,
⎝ 27 ⎠

(8)

allowing to write the yield condition (5) as a function of a “uniaxial” stress
measure, σY [10]. Without loss of generality, the constant c in eq. (8) may be set
equal to 1, resulting in corresponding changes of the constants bi.
The associated flow rule obviously becomes complicated by the introduction of
J3, and no explicit equivalent plastic strain rate, ε p , meeting the postulate of
equivalence of dissipation rates,
W p = σ ij εijp = σ ε p ,

(9)
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has yet been derived for this case. A respective definition would include the
anisotropy parameters ai and bi, and as these parameters are assumed as evolving
with plastic deformation, later on, the definition would depend on the load history.
This does not appear as feasible. Hence, for the sake of simplicity the definition
associated to von Mises’ yield condition

ε p =

2
3

εijpεijp

(10)

is adopted in the following, though this obviously conflicts with eq. (9).

Strain Hardening

If hardening is assumed to be purely isotropic, the yield surface expands in a selfsimilar way depending on ε p . Textured hcp alloys have a rather peculiar
hardening behaviour, however, which is due to twinning inducing grain
reorientation, creation and disappearance of twin boundaries. Both experimental
investigations of Kelley and Hosford [12] on pure magnesium and numerical
studies based on crystal plasticity by Graff et al. [9] indicate that not only the
position and the dimension but also the shape of the stress iso-contours at constant
accumulated plastic strain evolve with deformation, which would require a
dependence of the orthotropy parameters on the plastic strain. Lee et al. [13]
proposed a two-surface theory for magnesium alloy sheets accounting for
anisotropy by means of a linear transformation of the stress deviator and the
strength differential effect by introducing a kinematic hardening concept.
Cazacu and Barlat [10] fitted their model to the experimental results of Kelley and
Hosford [2] in dependence on plastic strain, ai (ε p ) and bi (ε p ) , but they did not
establish any evolution law for strain hardening. Application of their model to
forming simulations necessitates an extrapolation for higher strains. A respective
enhancement of their model has been proposed by Ertürk et al. [14, 15], which
includes strain-rate and temperature dependent behaviour. Discarding the two
latter effects, the modified invariants in eqn. (5) are taken as dependent on the
accumulated plastic strain, ε p , only:

(J

orth
2

(ε p ) )

32

− J 3orth (ε p ) = τ Y3 (ε p ) .

(11)
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The right hand side can be related to the uniaxial stress-strain curve in tension,
thus τ Y3 (ε p ) acts as a “fictitious” reference curve. Saturating exponential functions
are assumed for the parameters of orthotropy,

(1 − exp(−C ( )ε ) )
.
b = A( ) + B ( ) (1 − exp(−C ( )ε ) )
ai = Ai( ) + Bi(
a

b

i

i

a)

b

i

a

p

b

p

i

(12)

i

Equations (11) and (12) depend solely on the plastic equivalent strain as an
internal variable. This limits the application of the constitutive model to
monotonic loading paths. Neither load path changes nor load reversals may be
described properly. However, for monotonic path it is assured that, through the
exponential functions, the material tends towards a steady state behavior.
Together with the definitions of the second and third invariant of the stress
deviator, eqns. (6) and (7), this yield condition and its associated flow rule is able
to describe material anisotropy and direction-dependent hardening.
This model in its tri-dimensional formulation has been implemented into the
commercial finite element code ABAQUS via the user interface UMAT [16]. All
following simulations have been carried out using ABAQUS/Standard.
Reduction to 2D

The two invariants in eq. (5), J 2orth and J 2orth , contain a total of 17 coefficients in
the 3D representation, namely six ai and eleven bi. The constant c is set equal to 1.
The number of coefficients reduces for 2D cases like plane stress or axisymmetric
states.
Assuming a plane stress state in the {1,2}-plane, σ 33 = σ 13 = σ 23 = 0 , results in
2
J 2orth(12) = 16 ⎡ a1 (σ 11 − σ 22 ) + a2σ 222 + a3σ 112 ⎤ + a4σ 122
⎣
⎦
orth(12)
3
3
= 271 ( b1 + b2 ) σ 11 + 271 ( b3 + b4 ) σ 22 − 91 b1σ 22σ 112 − 91 b4σ 11σ 222 + ,
J3

+ 13 ⎡⎣( 2b10 − b5 ) σ 11 + b5σ 22 ⎤⎦ σ

(13)

2
12

that is ten material coefficients, a1 , a2 , a3 , a4 , b1 , b2 , b3 , b4 , b5 , b10 . If {1,2} are
principal axes, the shear stress vanishes, σ 12 = 0 , and a4 , b5 , b10 remain
indeterminate.
Since a biaxial test is not very convenient for parameter identification, uniaxial
and homogeneous stress states as approximately achieved in tension or
6

compression test samples can be considered. Tension or compression in (1)direction, σ 22 = 0 , yields
J 2orth(1) =

1
6

( a1 + a3 ) σ 112 ,

J 3orth(1) =

1
27

( b1 + b2 ) σ 113 ,

1
27

( b3 + b4 ) σ 223

(14)

and in (2)-direction, σ 11 = 0 ,
J 2orth(2) =

1
6

( a1 + a2 ) σ 222 ,

J 3orth(2) =

.

(15)

A total of seven coefficients, a1 , a2 , a3 , b1 , b2 , b3 , b4 , as in the biaxial plane stress
with σ 12 = 0 , are involved. Four tests do not suffice, however, to determine seven
coefficients if no additional information is provided, for instance on a ratio of
(plastic) strains or on pure shear load.

Polycrystalline Representative Volume Elements
Material and Microstructure

As a model material a rolled sheet of the magnesium alloy ZM21 (containing
2.1wt% zinc and 0.8wt% manganese) is considered. Texture measurements have
been conducted and recalculated pole figures evidence the distribution of the basal
planes which are mainly orientated in the sheet plane and show a distinctive
angular distribution towards rolling direction and a smaller angular distribution
towards the transverse direction [17]. The texture information was mapped to the
prescribed number of crystal orientations (i.e. number of finite elements in the
RVE) following the method of Toth and van Houtte [18]. Each crystal was
assumed to obey the same visco-plastic response (crystal plasticity, CP) [5, 19,
20]. Slip and twinning mechanisms, hardening characteristics and self- and latent
hardening parameters have been adopted from [9, 21, 22], however, the resolved
shear stresses have been adjusted to approximately meet the uniaxial stress-strain
curve of the material in rolling and transverse direction.
Biaxial Loading

Phenomenological constitutive equations for yielding and hardening under
multiaxial stress states are usually established on a macroscopic level. In
7

modeling of the micromechanisms, in contrast, special emphasis is put on the
quantitative description of physical deformation mechanisms. The transfer from
the micro- to the macroscale can be performed by the analysis of representative
volume elements (RVEs), which are designed to represent typical periodic
microstructures of a polycrystalline material. The constitutive equations are then
those of crystal plasticity, where slip is assumed to act on specific planes and
obeys Schmids law. By this means, the effect of texture on the global deformation
behavior can be investigated numerically. For biaxially loaded RVEs ({1,2}-plane
is assumed to be equivalent to the {L,T}-plane), contours of constant plastic work
can be computed from the applied stresses and resulting plastic strains using
relation (9). These numerically generated iso-contours have hence to be fitted by
an analytical expression of the plastic potential and an evolution equation for this
yield potential can be established. For practical reasons (hardening is commonly
expressed as a function of strain), however, contours of constant plastic
accumulated strain will be later used in this work.
In the case of a polycrystalline aggregate subjected to biaxial loading, the RVE is
modeled by 123 fully integrated quadratic brick finite elements representing the
equivalent number of grains. Each grain is attributed a specific crystallographic
orientation and the distribution of these orientations in space represents the texture
of the aggregate. The RVE is constrained to have straight and perpendicular faces
in order to ensure the microstructure's periodicity. In order to retrieve information
about the yielding behaviour, radial loading paths are analyzed spanning the
whole space of biaxial principal stresses. A schematic of the microstructural
model is shown in Fig. 1, indicating that the “mesoscopic” stresses σ11 and σ22 are
applied on the faces of the cube. Figure 2 displays a typical mechanical response
of RVE visualised in stress space for given (prescribed) values of specific plastic
work. It reveals the initial asymmetry in tension and compression, which becomes
less pronounced once the applied load increases (i.e., at higher values of plastic
work). In the initial stage of loading the iso-work contours are smooth convex
curves. For higher values of plastic work, however, the contours’ shape become
more and more “hexagonal”, showing a similar appearance than the well known
Tresca yield criterion.
In the following, the mechanical response of the RVE is displayed showing
contours of plastic equivalent strain instead of plastic work. Although
8

mechanically less significant, the first has the advantage that comparison with the
respective contours derived from eq. (11) can be done easily.

Optimisation procedure

The parameter identification is accomplished by an optimisation procedure
minimising the differences between given (or prescribed) values and the yield
function of the model, eq. (11), which are quantified by some objective function
(n)
(n)
Ψ = ∑∑ ⎡⎣σ Y,mod
(ε mp ) − σ Y,exp
(ε mp )⎤⎦ ⇒ min ,
2

m

(16)

n

where n = 1,...,N indicates the yield stresses in the N radial loading directions, and
m discrete values of plastic strain. The optimisation procedure is based on a
genetic algorithm [23] and has to account for some constraint conditions:
•

The yield strength in shear has to be a positive increasing function of
plastic strain resulting in

(J

)

orth(12) 3 2
2

•

− J 3orth ≥ 0 ,

(17)

In order to ensure convexity of the yield surface, the Hessian matrix of the
yield function

⎛ ∂ 2ϕ
⎜
∂σ 112
⎜
H=
⎜ ∂ 2ϕ
⎜
⎝ ∂σ 11∂σ 22

∂ 2ϕ ⎞
⎟
∂σ 11∂σ 22 ⎟
,
∂ 2ϕ ⎟
⎟
2
∂σ 22
⎠

(18)

must be positive semi-definite, i.e.
H11 ≥ 0 (or

H 22 ≥ 0)

H11H 22 − H122 ≥ 0
•

,

(19)

The iso-strain contours representing the yield loci of a hardening material
in the stress plane are supposed to evolve without intersecting.

The last two side conditions can only be proven for discrete stages of deformation.
In the algorithm, the number of tested stages has been chosen to be very high.
Consequently, convexity and intersection-free evolution are satisfied with a high
probability, but no general proof can be provided.
9

The yield strength in shear, τ Y ( ε p ) , has in the present case been calculated from
the tensile stress in L-direction, σ YL,ten (ε p ) , according to

τY =

([

1
6

(a1 + a2 )]

3/ 2

− 271 c(b3 + b4 )

)

1/ 3

σ YL,ten .

(20)

Provided that the hardening σ YL,ten (ε p ) can be taken directly from the response of
the RVE, eq. (20) cannot be directly solved for τY because it includes functions
dependent on ε p , see eq. (12). In order to retrieve the uniaxial behaviour, an
additional side condition has been introduced, which guarantees that the optimised
yield functions intersect the positive σ1-axis at exactly the same points than the
response of the RVE.

Optimisation results
Two different optimisation routes are considered in the following. The first one
aims at meeting only one contour of plastic work, and fitting constant parameters
a1 , a2 , a3 , b1 , b2 , b3 , b4 for the plastic potential from the virtual biaxial tests. This is
similar to the procedure used in [24]. The second route aims on meeting several
contours at the same time, which requires the use of eq. (12) leading to 7 x 3=21
parameters. The reference curve, right hand side of eq. (11), is assumed to be the
same in both cases. The parameters used in the simulations are summarised in
Table 1.
It has to be mentioned here that three more coefficients, a4 , b5 , b10 , are physically
relevant in plane stress and hence influence the result for arbitrary mechanical
loading situations. As already pointed out they cannot be determined from the
suggested tests and therefore have to be preset to “reasonable” values.
Figure 3 shows the optimisation result if only one contour is considered:

ε p = 0.02 , ε p = 0.08, or ε p = 0.14 leading to set#1, set#2 or set#3, respectively
(see Table 1). Obviously each of the contours is met very well. Their respective
shapes differ significantly from the one of the von Mises ellipse (included in the
figure for comparison). In any 3D-simulation, one of these sets of parameters can
be used together with an isotropic hardening function in principle. However, it is
then not possible to account for the change of the contours shape.
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In fig. 4 the effect of the different parameter sets on the R-value
R=

ε wpl
ε tpl

(21)

obtained from tensile tests conducted in different directions ϕ ∈ [ 0°,90°] from
rolling direction ( ϕ = 0° ) is depicted. ε wpl and ε tpl refer to the plastic strains in the
width and thickness directions of the tensile specimen. The respective R-values
can either be calculated from the plastic potential using the normality rule or
extracted from finite element simulations directly by monitoring the strains and
using eq. (21) . The latter procedure was used here.
Typically for rolled magnesium alloys the R-value is higher than one. This is due
to the strong basal texture and the limited amount of slip systems acting in the
thickness direction. The variation of the R-value with respect to the loading
direction for each stress level is large, in particular for the first stress level which
corresponds to the onset of yielding. While hardening takes place, the overall
level of R-value decreases and its variation decreases as well. This appears to be
physically sound, because at high strains the initial (basal) texture may change
and accommodate more easily deformation in the sheet thickness direction. The
black dashed line in fig. 4 represents an extrapolation, as the respective contour is
not included in fig. 3. In this case, the last contour is expanded due to pure
isotropic hardening, and no shape change is associated. However, it has to be
emphasized in this example there is no continuous transition for one to the other
optimised contours, i.e. set of model parameters.
This can be overcome by using the second optimisation strategy, which is shown
in fig. 5. In this case in total seven contours ε p =0.02, 0.04, 0.06, 0.08, 0.1, 0.12,
0.14 were included in the objective function to find the 27 parameters Ai, Bi and
Ci. The obtained fit seems to be reasonable, in particular for the intermediate
contours. In case of the inner contour, however, the typical tension-compression
asymmetry is underestimated, whereas for the outer contours it is overestimated.
As several optimisation trials have been carried out, it seems that meeting all
prescribed contours ideally is impossible with the ansatz used. In this context, the
result shown in fig. 5 represents a reasonable set, worth being investigated in
detail.
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The resulting variation of the R-value is less pronounced compared to the
previous case. Especially at stresses close to the first yield stress the variation is
more realistic, as the maximum is close to 2.1. The general shape of the curve is
maintained even at higher stresses, which reveals that the change of shape
between the different contours in fig. 5 is small. The curve in fig. 6 marked by
triangles represents an extrapolation, as data for this stress level have not been
incorporated in the objective function. The difference between the curve for 300
MPa and 400 MPa indicates that still in this regime small shape changes of the
contours appear, as the exponential functions, eq. (12), are not saturated.

Application to Cup-Drawing
Forming simulation have been carried out for parameter sets obtained from the
two different optimisation routes. The FE-model represents a typical cup-drawing
experiment used in various experimental and numerical studies, e. g. [25]: A
circular blank of radius r is formed through a rigid punch, die and holder to a
cylindrical cup. Because of the complicated stress states which appear during cup
drawing, this process can be used for the study of sheets’ structural responses
depending on its mechanical properties.
Punch, die and holder have been modelled in this case as rigid surfaces. The blank
consists of a disc with two or four layers of fully integrated 8-noded 3D brick
finite elements (linear displacement functions) in the thickness direction. Between
sheet and die, sheet and punch and sheet and holder, tangential forces can be
transmitted following Coulombs law of friction with a coefficient of 0.05. The
model parameters used of the different simulation runs are summarized in Table
1. Parameters associated with the stresses in sheet’s thickness direction are
physically not relevant, as the thickness stress usually can be neglected. However,
they have to be provided in the 3D-model and thus were set to 1 throughout the
simulations.
Figure 7 shows the simulation results at the end of the respective forming process
in the case of the three independent plastic potentials each undergoing pure
isotropic hardening. Contours of constant plastic equivalent strain are displayed.
All cups exhibit pronounced earing profiles. In case of the plastic potential
calibrated using the ε p = 0.02 - contour (see fig. 7a) it is most significant. This is
12

due to the strong change of the R-value, see fig. 4. As the variations on the Rvalue decrease from ε p = 0.08 - contour to ε p = 0.14 - contour, the height of the
“ears” after forming decreases accordingly.
Figure 8 finally shows the result of the forming simulation using the continuous
formulation of the yield functions parameters, eq. (12). As expected from fig. 7,
the earing is less pronounced as in the previous cases. For quantitative comparison
of the different earing profiles, the cups height normalised by the initial radius of
the sheet is plotted as a function of the circumferential coordinate in fig. 9. The
visual impression of figs. 7 and 8 are confirmed – the earing is most pronounced
in case of the set#1 and less pronounced in case of set#4. Although significant
differences occur between the sets, the number of ears and their position with
respect to the axes of orthotropy is the same in all cases: The cups height is
maximum under 45° from the rolling direction, leading to four ears in total.

Discussion and Conclusions
The simulations of cup drawing experiments confirm that a complex forming
operation can be described by the proposed model. The side conditions of
convexity and non-intersection of subsequent contours of plastic work are
satisfied. This leads to a stable and convergent numerical solution. This should
allow using this approach on a phenomenological level.
A calibration of the model parameters via RVE simulations using crystal plasticity
models can be conducted if no multi-axial experiments are available, but of course
this shifts the problem to finding meaningful quantities of resolved shear stresses,
hardening characteristics and interactions of slip systems. The fit obtained in the
present contribution appears not to be perfect once one focusses on the stress level
at prescribed values of plastic strain exclusively, see Fig. 3 and Fig. 5. But the
tendency of the R-value to decrease with increasing strain is met by the model,
see fig. 6. R-value-variations are used here to study the model response in tension.
As the model includes the third invariant of the stress deviator, the respective
variation in compression is expected to be different. However, because this
information is not used for the calibration process, respective predictions are not
shown here.
13

A fundamental question is the significance of the dataset used for the model
calibration. The current approach aims on the description of distorsional
hardening in general, and the authors are well aware of the fact that the solution
provided is not unique.
As already mentioned earlier, three of the total 10 parameters involved in the yield
function could not be determined by the procedure used here. They are related to
shear stresses, which are zero for the radial loading paths considered. Meaningful
values for these parameters had to be adopted; therefore they have been fixed to
constant values reported in Table 1. Keeping in mind that the weight of the shear
stress is directly affecting the R-value under 45° loading, the variation of the Rvalue shown in Figs. 4 and 6 can be influenced by the selection of a4, b5 and b10,
see eqn. (13). The influence on the prediction of earing is somehow more
complex, as the earing profile is determined by a combination of anisotropy in
yielding and direction of plastic strain rate. Simulations revealed that in particular
the height of the ears depends on the choice of the parameter a4, but not on b5 and
b10.
The physical significance of the earing profile has been addressed by many
authors by correlating the variation of the R-value with loading direction to the
height of the ears after cup-drawing [25, 26]. The quantitative assessment of the
earing profile, however, may still include some speculations. A direct correlation
is difficult – or maybe impossible to establish, as the formability of magnesium
alloys at room temperature is low and cup drawing cannot be conducted
experimentally. Recent investigations at elevated temperature (300°C) indicate
that for the alloy AZ31 which has a similar texture than ZM21 in the present
investigation shows almost no earing after drawing [27]. However, this can be
attributed to dynamic recristallization which generally occurs at temperatures
above 200°C.
While comparing Figs. 3 and 5, the differences in fit quality between meeting
contours individually and meeting all contours simultaneously is conspicuous.
Although many trials of optimization have been conducted it was not possible to
get a quantitatively better solution than the one presented in Fig. 5. It can be
speculated that this is due to the chosen exponential function or due to the
prescribed interval for the parameters. The first have been investigated by using
polynomial functions of degree three, which didn’t show any significant
14

improvement compared to the exponential functions used here [16]. The latter has
been changed during the trials, and it was found that relatively good solutions can
be achieved if the parameters Ai, Bi and Ci are constrained to be positive. This
appears to be meaningful in particular for Ci, as this gives an upper bound for the
evolution of ai, bi and ci with the plastic accumulated strain.
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Tables
Table 1: Model parameters used in the FE-simulations; (*) indicates values which remain
undetermined by the optimisation procedure

3D

plane
stress

Set#1

Set#2

Set#3

(0.02)

(0.08)

(0.14)

Set#4
(a,b)

(A

, B(a,b), C(a,b))i

a1

a1

0.0558

2.0389

2.8938

0.9476, 1.9429, 1.9300

a2

a2

3.3594

2.7276

2.9709

1.2250, 1.3538, 0.5979

a3

a3

3.2525

3.2151

3.5400

1.2885, 1.5705, 1.9199

a4

a4 (*)

4

4

4

4

a5

-

1

1

1

1

a6

-

1

1

1

1

b1

b1

-2.413

-1.0642 2.7874

0.0476, 2.5859, 0.1498

b2

b2

9.0126

7.3961

0.8993

2.3522, 0.2891, 0.7923

b3

b3

8.6030

1.4114

-0.4659 1.2332, 0.4304, 2.5065

b4

b4

-2.4071 -0.3435 -0.1422 0.0511, 3.5625, 1.8850

b5

b5 (*)

1.5

1.5

1.5

1.5

b6

-

1

1

1

1

b7

-

1

1

1

1

b8

-

1

1

1

1

b9

-

1

1

1

1

b10

b10 (*)

3

3

3

3

b11

-

1

1

1

1
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Figures

σ22<0

σ11>0

Fig. 1: volume element representing a textured polycrystal consisting of 12*12*12 grains under
biaxial load
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Fig. 2: contours of constant specific plastic work obtained from radial loading paths
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Fig. 3: Fit of CP data using the yield function eq. (5) by three independent sets of constant
parameters (ai,bi) at plastic equivalent strains of 0.02, 0.08 and 0.14

4,5

140 MPa
250 MPa
300 MPa
400 MPa

4,0
3,5

R-value

3,0
2,5
2,0
1,5
1,0
0,5
0,0
-10

0

10

20

30

40

50

60

70

80

90

100

ϕ (°)

Fig. 4: Orientation-dependence of the R-value at different stress levels, namely 140, 250, 300 and
400 MPa (correspond approximately to levels of plastic strain 0.02, 0.08, 0.14 and 0.2)

20

400

CP @ 0.02
CP @ 0.08
CP @ 0.14

300

200

σTD [MPa]

100

0

-100

model @ 0.02
model @ 0.04
model @ 0.06
model @ 0.08
model @ 0.10
model @ 0.12
model @ 0.14

-200

-300

-400
-400

-300

-200

-100

0

100

200

300

400

σRD [MPa]
Fig. 5: Fit of CP data using the yield function eq. (11) using variable parameters (ai,bi) following
eq. (12)
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Fig. 6: variation of the orientation-dependent r-value with increasing hardening,

21

Fig. 7: Results of the cup drawing simulation using pure isotropic hardening and different sets of
constant parameters for the yield functions (0.02, 0.08 and 0.14 in fig. 3)

Fig. 8: Results of the cup drawing simulation using the parameter set #4 represented in fig. 5
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Fig. 9: circumferential distribution of the normalized cups rim height after forming. 0° and 90°
correspond to rolling and transverse directions, respectively.
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